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ABSTRACT. Let (G,G’) C Sp(W) be an irreducible real reductive dual pair of type I in stable
range, with G the smaller member. In this note, we prove that all irreducible genuine represen-
tations of G occur in the Howe correspondence. The proof uses structural information about the
groups forming a reductive dual pair and estimates of matrix coefficients.

1. INTRODUCTION AND THE MAIN RESULT

One of the most important constructions in representation theory of reductive groups over local
fields and the theory of automorphic representations is the reductive dual pair correspondence
(or theta-correspondence) defined by R. Howe, see [How79, How89]. In his pioneering works
[How82, How87] R. Howe demonstrated that a certain singular part of the unitary dual of G’ =
Span(R) (or its two-fold cover) can be obtained from the unitary duals of various orthogonal groups
G = Opq, where G is “much smaller” than G’. This theory was completed by J.-S. Li in [Li89]
by incorporating all irreducible reductive dual pairs (G, G’) of type I in stable range with G the
smaller member over an arbitrary local field F'. In this setting, J.-S. Li proved that any irreducible
admissible genuine unitary representation 7 of G occurs in the correspondence.

The purpose of this note is to give a uniform proof of an analogous result, Theorem 1, without
the unitarity assumption on 7. This statement is well known to the experts in the area, and a
sketch of a proof (for a dual pair (Spe, (R), Oz 2, (R)), m > n) appears in [Moe89]. Our argument
is similar to both [Moe89, IIL.5] and [Li89, Theorem A]. We should note that the Langlands
parameters of the representations occurring in the reductive dual pair correspondence have been
worked out explicitly in many cases in [Ada95, LPTZ03, Pau05]. However, this involves a fairly
detailed analysis of representations, in particular, their K-types, and case-by-case considerations.
By contrast, our proof uses only the standard results from the theory of reductive dual pairs (which
we recall below) and some elementary estimates on the matrix coefficients from [Wal88].

Let W be a finite dimensional vector space over the reals, with a non-degenerate symplectic form
(, ). Let Sp(W) be the corresponding symplectic group and let Sp(W) denote the metaplectic
group with the covering map .

Sp(W) 3 g — g € Sp(W). (1)
Let (G, G’) C Sp(W) be an irreducible reductive dual pair of type I. The Classification Theorem due
to R. Howe describes G and G’ as isometry groups of certain non-degenerate bilinear or sesquilinear
forms on their defining modules V' and V’. One says that the pair (G, G’) is in the stable range
with G the smaller 0 if the defining module for G’ has an isotropic subspace of the same dimension
as the defining module for G. .

Let G,G' C Sp(W) be the preimages of G, G’ in Sp(W). Let Z3 be the kernel of the covering
map (1). This is a two-element subgroup of é?)(W)7 contained in both G and G/. A representation
7 of G on a Hilbert space H, is called genuine if and only if the restriction of 7 to Z5 is a multiple
of the unique non-trivial character of Z.

Fix a character of the additive group of the real numbers and let w be the corresponding oscillator
representation of Sp(W) realized on a Hilbert space H,,, as in [How79] . Let H be the space of
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smooth vectors and let HZ°* be the linear topological dual, with the natural action of §f>(W) also
denoted by w.

Theorem 1. Let (G,G’) C Sp(W) be an irreducible real reductive dual pair of type I in the stable
range, with G the smaller 0. Let w be an irreducible admissible genuine representation of G on a
Hilbert space H,. Then there is a continuous injective intertwining map

Q:Hr— H™ (2)
In fact, there exists a non-zero linear functional v* € HX* such that for any non-zero vector
vy € Hyn the following integral is absolutely convergent and defines a map @ with the required
properties:

Qw)(w) = / (@, o) @@) G (v € Hey v E H). 3)

G

Remark. In the language of the theta correspondence (or Howe correspondence), the theorem says
that any irreducible genuine representation of G occurs in the correspondence. It is immediate
that only genuine representations occur in the correspondence. Note, on the other hand, that we
do not assume that the representation w is unitary.

The intertwining property of the map (3) follows by formal manipulations, provided that the
integral is absolutely convergent. We will verify the absolute convergence and the injectivity below.
This is not difficult but requires some care. The argument proceeds similar to the proof of Theorem
A in [Li89] (where the representation 7 was assumed to be unitary), but instead of considering all
smooth matrix coefficients of the oscillator representation w as in [Li89], we concentrate on certain
specially constructed ones that are sufficient for our purpose and use some estimates on the matrix
coefficients which may be found in [Wal88].

Very briefly, for the absolute convergence we show that the first factor in the integrand in (3) is
of moderate growth, while the second one is rapidly decreasing, with respect to some norm on G.
In order to establish the injectivity, we construct an equivariant embedding of G into an isotropic
subspace X of W and analyze the action of G in the mixed model of w (see also [Moe89]).

2. MIXED MODEL OF w

Let J € End(W) be a positive definite complex structure. Specifically, J € sp(W), J? = —1,
and the symmetric bilinear form (.J , ) is positive definite. Since (G, G’) is a type I reductive dual
pair, we may assume that the conjugation by J preserves G and thus induces a Cartan involution
6 on G. (This is explained in detail in [Prz05].)

Let us view the symplectic vector space W as a real Hilbert space with the scalar product
(u,v) = (Ju,v). Denote by | | the corresponding operator norm on End(W):

|T| = max  (Tw,Tw)'/?
weW: (w,w)=1
Then then the restriction of | | to G is a norm on this group, in the sense of Wallach, [Wal88,
2.A.2).

Recall that any irreducible real reductive dual pair of type I can be obtained as follows, [How79,
How89]. There exist (1) a division algebra D over R, with involution #, and (2) left D-vector
spaces V and V’ with non-degenerate #-sesquilinear forms (, ) and ( , ), one #-hermitian and
the other #-skew-hermitian such that G and G’ are the isometry groups of (, ) and (, )/, and
W = Homp(V', V). By the stable range assumption, the formed space V' contains an isotropic
subspace X’ of the same dimension as V. Since the form ( , )’ is non-degenerate, we may choose
another isotropic subspace Y’ such that the restriction of the form (, )’ to X’4+Y” is non-degenerate,
and we let Vj be the orthogonal complement to X’ +Y” in V. Then V' = X' @Y’ @ Vj. Introduce
the following subspaces of W:

X =Homp(X',V), Y =Homp(Y', V), Wy=Homp(Vy,V).
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Then X, Y are isotropic and W is the orthogonal complement of X + Y in W. Thus
W=XaoY oW,.

Let us identify X’ = V. Then X = FEndp(V) and the right multiplication of w € W =
Homp(V',V) by x € X induces an embedding

t: X — End(W).
We pull back the operator norm | | from End(W) to X via ¢. The key observation now is that
G C Endp(V) =X. (4)

Recall [Wal88, 2.A.2.4] that there is d > 0 such that [ [g|~*dg < co. Hence, for any r € R there
is N such that

[ 1ol 41 dg < . o)
G
For any § € G, its the image under the projection (1) to G will be denoted by g, and we set |§| = |g|.

We shall realize the oscillator representation w in a mixed model associated to the decomposition
(2) so that

HE = S(X,HE), (6)

where wg is the oscillator representation of %(WO) on the Hilbert space H,,. Then G acts as
follows:

w(@o(@) = wo(@)(v(g ') (G€G, veSX,HE), v eX), (7)
see section 4 in [Li89].
3. CONSTRUCTION OF THE INTERTWINING MAP @
Lemma 1. For a seminorm q on H there is a seminorm ¢’ on MY and a constant C such that
g(wo(@)v0) < ¢'(v0)lgl” (G € G, vo € H).
Proof. Our Cartan involution € induces a Cartan decomposition
G = KAK.

Clearly, it will suffice to verify the statement with G replaced by A. We may realize wy in a
Schrédinger model corresponding to a complete polarization Wy = X @ Yy preserved by A, and
such that HZ> = S(Xo). Then there is a group homomorphism ¢ : A — R* such that

wo(@)vo(zo) = 6(a)vo(a™x) (@€ A, voe S(Xp), xg € Xo).

Since the seminorm g is given in terms of derivatives and multiplication by polynomials on Xj, see
[Ho6r83], the estimate follows. O

Lemma 2. For a seminorm q on H and any N > 0 there is a seminorm qn on HY such that
g(v(@)) < gn()A+ |27 (veHT, z € X).

Proof. This is clear if we realize wy as in the proof of Lemma 1. O
Lemma 3. For a seminorm q on HZ, and any N > 0 there is a seminorm qn on HZ such that
gwo(@v(g™)) S gn@)A+1g)™™  (§€G, veHT, v e X).

Proof. Lemmas 1 and 2 show that for any M > 0, the left hand side may be dominated by
q'(v(g™ )19l < ghr(0)(1+[g))~M1g|,
where C' does not depend on M. Since there is M such that
(L+1gh~Mlgl® < @+ g,

we are done. 0
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Fix a non-zero element vy € HZ>* and define a linear functional v* € HZ** by the formula
vi(v) = vp(v(1)) (v e HT). (8)

Here 1 is the neutral element of G, viewed as an element of X via (4), and v(1) is in HZ, cf. (6).
Lemma 3 shows that there are seminorms gn on HY such that

[ (w(@v)] < anv(@) (1 +1g)™ (GG, veHT; N=0,1,2,..). (9)
As shown in [Wal88, 2.A.2.2], there are constants C, r such that the operator norm
I=@ l<Cla”  (3€G). (10)

By combining the estimates (9) and (10) of the matrix coefficients and taking into account the
convergence statement (5), we see that the integral (3) is absolutely convergent and that the
resulting map (2) is continuous. Thus the map @ is well-defined and has the required intertwining
property. To complete the proof of Theorem 1, we need to check that this map is injective.

4. INJECTIVITY OF THE INTERTWINING MAP Q

Recall the non-zero vectors vy € Hy (3) and vy € He* (8). Fix v € Hq, v # 0. We need to find
v € HS® such that Q(v)(v) # 0.

Since the representation  is irreducible and v, vy # 0, the function § — (7w(§)v, Vo), is not
identically zero. Hence there is an element §, € G and ¢ € C such that ¢(m(g,)v, v0)n, > 0.
Therefore, there is an open neighborhood U of §, in G such that

Rec(m(g)v,vo)n, >0 (Ggel).

Since wy(gy) is invertible, v§ # 0, we see that vg o wo(g,) is a non-zero element of HP* and there
exists an element v, € H such that

v (@(@)os) = 1.
We may shrink the neighborhood U if necessary so that
Re (c(m(g)v, vo) ., v5 (wo(G)vy)) > 0 (Gel). (11)

Let U C G be the image of U under the covering map (1). Since 7 is genuine, the last inequality
continues to hold if we replace U by the preimage of U in G, which we will again denote by U.
Choose a function v, € C°(X) such that

vs >0, vs(g, ') >0, suppvs C UL, (12)
Let
v(z) = cvg(x)vy, (x € X).

Then v € CZ°(X, HZ) and the definition (8) of v*, together with the formula (7) for the action of
G in the mixed model imply that

(m(@)v, v0)3, v* (@(§)0) = e(m(§)v, vo)3, v5 (wo(@)vw)us(9™) (3 € G). (13)

The right hand side of the last expression is a product, where the first factor has positive real part
for § € U by (11) and the second factor is positive for g in the interior of (suppws)~' C U and
zero on its complement, by (12). Therefore, the product is non-negative for all § € G and strictly
positive on an open subset containing g,. It follows that Q(v)(v), which is the integral of the left

hand side of (13) over G, is non-zero.
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