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ABSTRACT. In this paper, we prove that the Cauchy Harish-Chandra integral maps invariant
eigendistributions to invariant eigendistributions with the correct infinitesimal character, and
that it maps the orbital integrals on the larger group to the orbital integrals on the smaller one.
This is the last paper of a series of three.

THE MAIN RESULTS

Let W be a finite dimensional vector space over the reals, with a non-degenerate symplectic form
(, ). Let J be a positive compatible complex structure on W, Sp(W) (resp. sp(W)) the symplectic
group (resp. the symplectic Lie algebra) associated to ( , ) and let x(r) = exp(27ir), r € R. Fix a
Lebesgue measure dw on W so that

/ X(3{(Tw,w)) dw = 1.
w
The conjugation by J is a Cartan involution 6 on sp(W). The formula

K(z,y) = —tr(0z,y)  (@,y € sp(W))

defines a positive definite symmetric form on sp(W). We normalize the Lebesgue measure p on
any subspace of sp(W) by requiring that the volume of the unit cube is 1. For any Lie subgroups
F C E C Sp(W), the measure p induces the left invariant Haar measure on E and invariant
measures on the quotients E/F and F\E. We shall denote these induced measures also by p.

Let (G,G’) be a reductive dual pair of Sp(W) (see [How89] for the definition), with the rank
of G’ less of equal to the rank of G. Denote by g, g’ the Lie algebras of G, G’ respectively. We
lift the Cartan involution 6 to the group and assume (as we may) that G and G’ are preserved by
6. Let H be a Cartan subgroup of G’ preserved by 6. Consider the Cartan decomposition of H’ :
H' = T'A’ where T’ (resp. A’) is the compact (resp. split) part of H'. Consider the commutant
A" (resp. A”) of A’ (resp. A”) in Sp(W). Then (A”,A”") is a reductive dual pair of Sp(W), see
[Prz00]. Let V., = {v € V'|av = v Va € A’'}. There exists a unique complement V, of V/ in V’
such that the decomposition

V' =V.aV,
is preserved by H'. As A"’ C H’, we may consider
A/SH = {’U S A/N | ’U‘Vé = ld}

Then A" = AY" if and only if V| = 0 and A" = AY’ x {+id)y, } otherwise. There exists a dense
open subset W of W such that the quotient A7"\W4/» is a smooth manifold. Define the measure
p on the quotient A"\ Wu. by

[ rwdw— | F(aw) dyu(a) du(AL"w).
w ATNW s J Az
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Let

Xe(w) = x(Flww), (€ sp(W), we W),

Recall [Prz00, p. 302] the Cauchy Harish-Chandra integral on the Lie algebra:

‘%(””'”):/A,M\W Xorta(w)du(Aw) (' €§9, z € g).
ALl

Define the normalized Cauchy Harish-Chandra integral by

che(x' + x) = c’i\{c(x' +x) (@' € §'™9 x € g).

1
WA T)
Let Sp(W) be the connected two fold cover of Sp(W). This is the metaplectic group with the
canonical surjection

SP(W) —  Sp(W). (1)

For a subset E of Sp(W), denote by E the preimage of F in é\f)(W)

Let S'(W) be the space of temperate distributions on W. Recall [Prz00, Theorem 2.8] Howe’s
embedding of the metaplectic group into the space of temperate distributions on the symplectic
space:

T:Sp(W) — S (W).

Recall the definition of the Cauchy Harish-Chandra integral on the group e , [Prz00, Definition
2.11]:

Che(z'z) = / T(x'z)(w)dp(A”w) (o e H™, 2 € Q).
A.ISH\WA;”

Define the normalized integral by

Che(x'z) = ” ! Che(x'z) (z' e H"™, 2 € Q).

(AT
Statement on the Lie algebra level. For ¢ € D(g) (the space of the compactly supported smooth
functions on g) let

che(@)(w') = [ che(w’ + 2)o(@)dulz) (@' ")
g

The above formula defines a G’'—invariant function, che(¢), on g7*9. Let us denote by Z(g’) the

space of unnormalized orbital integrals on g’ with no condition on the support. This means that

Z(g’) is the set of all the functions ¢ € C*°(g'"®9) such that the functions
| det(ad(x))gjg=|*(z)  (x € g")

satisfies the conditions Iy, I> and I3 of [Bou94a, §3.2] and we don’t assume that the condition I,
is satisfied. We denote also by Z(g) the space of unnormalized orbital integrals on g assuming this
time that all the conditions Iy,l5,I3 and I are satisfied. In other words, by a result of Bouaziz
[Bou94al, Z(g) is the space of all the functions of the form

[ wealduse)  @e g e D).
G/G®
The first result of this paper is :

Theorem 1. Let ¢ € D(g) then che(¢) € Z(g').

Concerning the support, the functions in the range of che do not necessarily satisfied the condi-
tion I4. The functions restricted to a given Cartan subalgebra §’ have a compact support modulo
the elliptic part of §'.
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Statements on the Lie group level. Let Gy denote the Zariski identity component of G multiplied
by the center of G. Then G; = G unless G is a real, even orthogonal group Oz, 2,. Similarly we

define G}. Let ¢ € D(él) (the space of the compactly supported smooth functions on (N}l) Define
Che(¢) to be a G/ —invariant function on G/ by the formula

Che(@)(2) = . Che(z'z)p(x) dp(z) (2 € "),

Let us denote by Z(G1) the space of unnormalized orbital integrals on G;. This means that Z(G;)
is the set of function of the form

Gl — [ d(ga)du(gCi®) €C,
Gl/(}lz
where 1) € D(Gy), see [Bou94b]. We denote by I the map from D(Gy) onto Z(Gy), defined above,
and similarly for G’. One of the main result of this paper is
Theorem 2. Let ¢ € D(Gy). Then Che(¢) € Z(G). Moreover, the resulting map
Che : D(Gy) — Z(G))
is continuous and, if I5(¢) is 0, then Chc(¢) is also 0.
This theorem proves that Chc induces a map
Che: I(Gy) — Z(GY)). (2)
Concerning the support of the functions in the range of Che, their restrictions to a given Cartan
subgroup H’ of G’ have a compact support modulo the compact part of H. Therefore, they are

compactly supported. Let D’(G}) be the space of distributions on G} and let D’ ¢ (G4) be the
space of G’—invariant distributions on Gj. Recall, [Bou94a] that the transpose of the map I,

induces an isomorphism between Z(G})’ (the dual of Z(G})) and D’é/(é/l). Hence, we have
g TG S DG,
g I(Gr) — D'S(Gy).

We denote also by Chc the resulting map

(3)

Chc:D’é/(é’l) b D’é(él) (4)
induced by the transpose of Che and the isomorphisms (3). Thus for v’ € D’é/(é’l),
Che(u') = (‘Ig,) ™" (') o Che. (5)
In particular, if u’ is given in terms of a locally integrable function, then, for ¢ € D((N}l),
1 _
Che(u')(9) = W] Jogr | det(1 — Ad(h™")) g i [u' (h)Che(e) () du(h), (6)

where the summation is over a maximal family of mutually non-conjugate Cartan subgroups H C
G’ and |W(H')| stands for the cardinality of the Weyl group of H' in G'.

We denote by U(gc) (resp. U(gr)) the enveloping algebra of g (resp. gi). Consider the Capelli
Harish-Chandra homomorphism (cf. equality (61)) :

Cog 1 U(gc)® — u(g&)G/-
Let L be the left regular representation of U(gc)® on D(G) (cf. equality (55)) and similarly for g’.
Theorem 3. Let z € U(ge)®. Then for ¢ € D(Gy)
Che(L(2)¢) = L(Cq,q (2))Che(d),

where z — Z be the involution on the universal enveloping algebra, extending the map gc 3 z —
—zZ € gc-
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The action of U(gc)® on D(G) induces an action on D'(G) denoted also by L. By definition,
we have
L(z)u(¢) = u(L(2)¢)
for z € U(ge)%,u € D'(G) and ¢ € D(G). Moreover, U(ge)® stabilizes D’é(é). The same holds
for G’. The following theorem explains the title of the paper.

Theorem 4. Let z € U(ge)® and o' € D'S(G}). Then
Che(L(Cy,q(2))u") = L(2)Che(u').

This result was the main aim of our project. One might deduce it directly from Theorem 7.4 in
[BP06a], however it is conceptually easier to to see that it follows from Theorems 2 and 3, because
the action of the centers of the universal enveloping algebras intertwine the maps (3).

Relation with Howe’s correspondence. Let 0 € é\f)(W) be any element in the preimage of —1 €
Sp(W). Let IT" be an irreducible admissible representation of G’ and let ©r denote the distribution
character of II'. Denote by xm(9) the scalar by which II'(d) acts on the Hilbert space of II'.
Theorem 2 implies that for a test function ¢ € D(G) there is a test function ¢’ € D(G,) whose
orbital integrals coincide with Che(¢). Let

w(¢) = xw(2)0(2) 5 O (97)¢'(9) dulg)- (7)
1
Though the function ¢’ is not uniquely determined, its orbital integrals are. Hence the formula (7)
defines an invariant distribution on Gy. (Recall that O (¢~') = O/ (g) if II' is unitary.)

Let H denote the space of the smooth vectors in the Hilbert space of the oscillator representa-
tion w corresponding to the character x of the additive group of the real numbers, as in [How88].
Suppose the representation II' occurs as a quotient of H> by a closed invariant subspace H5°. Let
HF be the intersection of all such subspaces H{°. As shown in [How89],

H™ /HFY is isomorphic to 1T} & IT'

asa G x G/ —module, where II} is a finitely generated admissible quasisimple representation of G,
which has a unique quotient IT (the "theta lift” of IT').
Here we offer is a more precise version of a conjecture formulated in [Prz00, Conjecture 2.18].

Conjecture. Suppose II' occurs as a quotient of H* and the function O is supported in CN}’l, i.e.
the restriction to the complement is zero: @H/|(~;,\(~;,1 =0. Then

= Omlg,-
It is clear from Theorem 4 that if v/ : U(gé:)G/ — C is the infinitesimal character of II' then O,
is an 7' o Cy o —eigendistribution, as are O, and O. Thus Of, is an invariant eigendistribution
with the correct infinitesimal character!

If our dual pair is in the “deep stable range” with G’ the smaller member (see [DP96]), and IT’
is genuine and unitary, then IIf = II and ©f, = Op. (In fact [DP96] was the main motivation
for [Prz00].) The same holds if the group G’ is compact. If the dual pair is of type II, then the
explicit formulas for the Che [BP06b] show that the conjecture holds. Furthermore, these formulas
combined with the equation

1
z—i0 x40
imply and generalize the results of Adams, [Ada98] and Renard, [Ren98], concerning stable orbital
integrals and the theta lift, see section 2.

The plan of this paper is as follows. In Section 1, we provide explicit formulas for the chc
and for Che. In Section 2 we consider sums of the integrals corresponding to various real forms
of a dual pair. In Section 3, we prove Theorem 1. In [BP06a], we proved the boundedness of
che. In [BP0OG6b], we proved that the jump relations are satisfied for the dual pairs (Sp,,, (R), O1,2),

= 27id(x) (r € R),
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(Op.q:Sp2(R)) and (Up 4, U 1). Here we prove a result of reduction and deduce that the jump
relations are satisfied for all dual pairs. The proof of Theorem 2 is similar to Theorem 1, and we
provide a sketch in Section 4. In Section 5, we define a certain open subset of G’ on which Chc is an
explicitly known smooth function. We prove that on this open subset Che is compatible with the
Capelli Harish-Chandra homomorphism (see Theorem 5.3). This implies that the compatibility is
satisfied for any regular semisimple element belonging to a fundamental Cartan subgroup. Then,
after recalling some classical result of Harish-Chandra (see Subsection 5.2), we prove Theorem 3
using an induction method.

The second author wants to express his gratitude to the Université de Poitiers for the hospitality
and support during his visit in June 2003, when our joint work began. We are also grateful to
Abderrazak Bouaziz for several useful discussions. We would like to thank Detlef Miiller for his
interest in our work and for an invitation to Christian-Albrechts-Universitit of Kiel in January
2004, where some of the ideas of this paper germinated.

1. ExpLICIT FORMULAS

Theorem 9 in [BP06b] shows how to compute the Cauchy Harish-Chandra integral on every
Cartan subgroup of G’ assuming we know how to do it for a compact Cartan subgroup. Thus,
let H C G’ be a compact Cartan subgroup. As a generalized function, the unnormalized Cauchy
Harish-Chandra integral satisfies the following identity

1
©(v)
where O is the character of the oscillator representation w and H"9 C H’ stands for the subset of
regular elements. In Theorem 1.2 below we shall give an explicit formula for

/é o) f(g)dulg) (W €T, f e D(Gy)).

Che(l g) = O@ng) (W eH"™ geG), (8)

Since G’ has a compact Cartan subgroup, there is a division algebra D = R, C or H, with an
involution ¢, and a finite dimensional space V' over D with a non-degenerate form (, )’ which is
either t—hermitian or t—skew-hermitian, so that G’ may be identified with the isometry group of
that form. Let

V=VyaV o --aV, (9)

be the decomposition into H'—irreducibles over D. Here V{; = 0 unless D = R, the form (, )’ is

symmetric and dim(V’) is odd. In that case b’ acts trivially on V{ and dim(V{) = 1. There is an
element J' € b’ such that J'> = —1on V| @--- ® V,,. Let J; denote the restriction of .J' to V/,
1<j<n.

The group G coincides with the isometry group of a form ( , ) of opposite type to ( , )’ on
a finite dimensional vector space V other D. The symplectic space W = Hom(V,V’), with the
symplectic form given by the formula

(W', wy = trp/r(w*w') (w,w" € W),
where w* € Hom(V’,V) is defined by
(wv,v") = (v,w ") (veV, v eV).

We have the obvious inclusions: G, G’ C Sp(W) and g, g’ C sp(W).

If V{ # 0 we choose an element J € g such that J? = —1 in End(V) and the restriction of the
symmetric form (J , ) to the subspace Hom(V, V() C W is positive definite: (J , >Hom(v,v6) > 0.
We shall view W as a complex vector space by

(10)

. J'(w) if we Hom(V,V]i +Vi+---+V,),
iw =
J(w) if w € Hom(V, Vj).
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Let det : Endc(W) — C denote the corresponding determinant and let

GLe(W) = {7 = (9,€); &% = det(g), g € GLc(W)}.
Define
det'?(@ =¢, (3= (9.6 € GLe(W)).
Let Hf,, Gc € GL¢(W) be the complexifications of H' and G respectively. The character © extends
to a rational function
_ det'?(h'g)

(W € HE, § € Go), (11)
where ﬁfoé(c C &C(W) are the preimages of the complexifications of H', G, and 2p_ is the
maximal dimension of real subspace of W on which the symmetric form (J’ , ) is negative definite.
This follows from Theorem 2.13 and formula (10.10) in [Prz00]. (Indeed, it suffices to consider the
pair G =U,,, G’ = U;. Then n = p+ ¢. Theorem 2.13 in [Prz00] shows that
lim $"©(c= (tz)) = 2~ dm=W)che(z) (€ g),

where ¢_ is the lift of the Cayley transform c_(x) = (1+2)(1—2)~! such that ¢_(0) is the identity.
On the other hand

_— det'?(c(tzr)) 1 1

t—0  det(l —c_(tz)) det(—2)det(x)

Since, by [Prz00, (10.10)],

N 1
S -
che(z) = (—1) det(@)’

we see that

_ det(1—g)
o) = —9)
9 i)

and the claim follows.)
Let H C G be a fundamental Cartan subgroup and let

V=VoadVi& --dV, (12)

_ 27dimR(W) det(—?)(—l)p2" — (_1)"+P = (_l)qv

be the decomposition into H—irreducibles over D. Here Vo = 0 unless D = R, the form ( , ) is
symmetric and dim(V) is odd. In that case b acts trivially on Vo and dim(Vy) = 1. The group H
is compact unless D = R, the form ( , ) is symmetric, dim(V) is even but the Witt index of (, ) is
odd (i.e. G is isomorphic to Ogpt1,2¢+1)- If H is compact then there is an element J € h (consistent
with (10)) whose square equals minus identity on Vi 4+ Vo +--- 4+ V,,. Let J; = Jly,;, 1 < j < n.
Suppose H is not compact. Then we may assume that H|y, is compact for each 2 < j < n and
that there is J; € End(V;) with J? = —1, such that b|y, is conjugate over C to RiJ;. As before,

let J=Jy+Jo+ -+ Jy. In any case, Jy, Jo, -+, J, is a basis of the complex vector space hc.
Let Ji, J3,- -+, Jy be the dual basis, and let ¢; =iJ7, 1 <j <n. Also, we shall identify
Vi=V;, Ji=J;  (1<j<n). (13)

In particular b C he. Let
WY = " Hom(V;,V;)”.
j=1

This is a complex subspace of W consisting of all elements which commute with J.
Let Hc,1 denote the identity component of Hg. Then Hc ; is isomorphic to

hc/{z 27TIij |.’13j S Z}

j=1
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Let H@}l denote the connected two fold cover of Hc ; isomorphic to

f)@/{Z27T.’Eij | Z.’ﬂij S QZ, T S Z, 1< ] < ’ﬂ}
j=1 j=1
Then we have the following covering maps

p:He — ﬁC,la p: ﬁ('c,l —He1, p=pop:Hey — Hep. (14)

Here, p is either an isomorphism or I:I(CJ coincides with the direct product He 1 x {£1} and p = p.
Similarly, we have

p: H&,1 —Hey, prHey = Hey, p=pop: HﬂlC,l — Hg . (15)

Fix a system U’ of positive roots of hi in gi and a system ¥ of positive roots of hc in gc. Let
® = —U. Let Z denote the centralizer of b in G and let W (Hg, Z¢) be the corresponding Weyl
group. Let ®(Z) = ® N h’+. This is a system of positive roots of h¢ in the Lie algebra of Z¢. For
W € Hi, and h € He,y define

Ay () = W2 Zeev TT (1= 1) (16)
acv’
Ag(h) = h2Eeere JTT(1 - ™)
acd
A@(Z) (h) = h% ZO‘E‘I’(Z) o H (1 — h_a)
acd(Z)

det!/2(h)yyy = h? Zi=1
The choice of the covering is such that the above definitions make sense. Furthermore,
(det'?(R)wer)? = det(p(h))ysr
where det(p(h))ys is the usual determinant of p(h) € Ende(WY').

Define a number £ = —1,0 or 1 as follows :
-1 if (G, Gi) = (GL,(C), GL,/(C)) and n —n’ € 2Z,
k— or (GC?G(C) (02n+1( ) Sp2n ((C )a

)
1 if (G(C7 GC) - (Sp2n((c)7 OQn +1( ))
0 otherwise.

Define a character sign of the Weyl group W (Hc, Ge¢) = W (He) by

)

1/2 1/2
det/ (S'h)Hom(V,Vg) sign(s)Aa (1) det!/ (h)Hom(v,Vg)
=S D
det(1 — p(5~h))Hom(v,V6) det(1 — p(h))Hom(v,Vg)
(S S W(H(C), h e H(C,l)- (17)

The group W (Hc) acts on the real span of the Jy,- -, J, (which is the same as b if H is compact)
and is realized as conjugations by elements of GL¢(W) as in [BP06a].

Proposition 1.1. There is a constant v = £1, which depends only on the choice of the positive root
systems W', ®, such that for k' € Hp ¢ and h € He 1,

det® "2 (I )y Ay () O(B(R)p(h)) Ag (h)

— Z (—1)P- v sign(s) det"*(s7Lh)yy Agz)(s1h)  det?(s7Lh)w,
W(H. Zo)| det(1— p(W)p(s h))r det(1— p(s b)),

seW (He)
where Wo = Hom (327, V;, Vp).
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This is verified by the argument used in Appendix B of [BP06a] to prove the corresponding
statement for the Lie algebra. The factor det®/? is necessary for the partial fraction decomposition
to work. Unfortunately it was overlooked in [Prz00, (14.5)]. Let

U Ve ifD#C,
v ifD=C.

Let U7, denote the family of strongly orthogonal non-compact imaginary roots in W, as in [BP06a].
For each § € U7, there is an element C(S) € GL¢(U) such that the map

End(U) 3 2 — ¢(S)(z) = C(S)xC(S)™! € End(U),

when restricted to gc, coincides with the Cayley transform. Let H(S) C G be the corresponding
Cartan subgroup and let

Hs = o(S) ™ (H(S)) € He.
The map ¢(S) lifts to the covering, and we shall use the same symbol ¢(S) to denote these lifts.
Let Hs1 = Hs NHc,; and let I:IS,l - I:IC,l, IA-iSJ - IA-LCJ be the corresponding preimages under the
covering maps P, p. Let Usr C ¥ denote the set of the real roots for Hs. define

cvsa(h)=sign | [T @-n") (h € HgY),
046\1/3,][@
where HgY stands for the set of regular elements in Hs ;. Recall the Harish-Chandra orbital
integral of a function f € D(Gy):
Hsf(h) = ewsx(h)Aw(h) ) Flg-c(S)(B(h))) dpu(gH(S)) (b € HEY).
Notice that the function Ag(h)Hs f(h) is constant on the fibers of the covering map p. Hence the

Weyl integration formula for G; looks as follows
@) dule) = 3 ms [ eug (M Aa(biHs () dih),
G1 Sevn, Hs

where the mg are appropriate, uniquely determined, constants.
For a subset A C U let A = {j|thereis o € A such that o(J;) # 0}. For s € W(H¢) and
S € V7, define

Iss={yeblly, >sWh/m2j¢§Hom(vj,V') > 0},
as in [BP06a], and let E, s = exp(I's.s) C IZIQl. Furthermore, let
_vmg sign(s)
|W (He, Zc)|”
Theorem 1.2. Let h' € Hj(=Hj ) and let f € D(G1). Then

Ms(s) = (=1)”

det™ 2 (W) A (1) [ OB(H)g)f(9)dule) = D > Ms(s) _ lim
& €W (He) SEV, s

/ detk/Q(s_l.h)W;,/Aq)(Z)(s‘l.h) det'/2(s71.h)w,

i det(1 — p(h)rp(h)) gu’ det(1 — p(s~1.h))w,

A<I>(Z) (Sil.h)
det(1—p(s—1.n))w,

€dsr (h)HSf(h) /J(h)

reg
S,1

Here the factor s a smooth function.

This follows from Proposition 1.1 by localization, as in the proof of Theorem 7.3 in [BP06a].
Notice that if G’ is an odd real orthogonal group (i.e. D = R, the form ( , )’ is symmetric and
dim(V’) is odd), then 0 ¢ Hj ;. However, the element d is in the center of the metaplectic group

and therefore we may view it as an element of (~}1.
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2. A RELATION WITH STABLE ORBITAL INTEGRALS

Let us define the following two distributions on the unit circle in the complex plane:
1 1 1

1
— = lim , = lim (2 €C, |z| =1).
1-142 m>lLir=1l—rz 1-1_42 r<l,r—11-—1rz

Then, as is well known [Hoér83, Example 3.1.13],

1 1 1
27 (1—1+1z N 1—1_1z> = 3(2), (18)

where § stands for the Dirac delta at the identity.
If D = C then the Weyl group W (Hg, G¢) may be identified with the permutation group %, so
that

o.Jj = Js(5), (o0 € W(Hg,Ge), 1 <j<n).
If D # C, then W(Hc, Ge) is identified with the semidirect product of ¥, and (Z/2Z)™, where
Z/2Z = {0,1} with the addition modulo 2, so that

5.Jj = € Jy(5), (s=0ee W(Hg,Ge),é =(—1)9, 1 <j<mn).
In any case (D = C or D # C) we shall think of elements s € W (Hc, G¢) as s = oe where ¢ = 0 if
D=C.
Let Hom(V;,V;)? = Hom(V;,V;)” be the subspace of elements that commute with J, and let

Hom(V;, V,)! be the subspace of elements that anti-commute with .J. (The last space is zero if
D=C.) Let

ngn Hom(vg(j)vvj)ej Joj) €D (s =0ec € W(Hg, Ge)). (19)

Here, by deﬁmtlon, the sign(J , >Hom(v V) is equal 1 if this form is positive definite and —1
if it is negative definite.
Forhe Hand 1 < j <nlet hj = h% € C, and similarly for H'. Then, in terms of Theorem 1.2,

n'

1 1
lim = _ neHn"™, heH).
r€E, g, r—1 det(1 — h'rh) gyer H 1-n, (1J*( )(yb)ha(j))_ej ( )

We notice that (18) implies the followmg identity

> H A (20)

Ae{x1}n j=1 1/\ J% ) s )hU(J))

n ’ﬂ n 1
= (—€ (s) -
E 1;[ 7 1:[1 17h’1+1h O 1 R1ah
= (@2m)" - H( H S0y (Ys) - O(h' (s™HR) T,
i=1 =1
where § stands for the Dirac delta at the identity of H'. Furthermore,
1 ’I'L/ 1 ’Il
lim = H 7 H P (21)
rEBus vt det(l = Wrh) j=1,j¢8 L= A1 oG )(ys)h"(J j=1j€8 hﬁhom

and if S # 0, then

n/ )\ TL
Z H 1—h;.()\J*J hel H h/h ——— =0. (22)

Ae{£1}n j=1,7¢S j=1,j€8 J ‘7(])
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The generalized function ©(h'g), (8), and the sets E, s of Theorem 1.2 depend on the form ( , )’
(and the form ( , )). Let ©*(h’g) and EQS denote the corresponding objects for the form

Ay ) v+ 220, ) v+ A () v, (23)

where X = (A1, -+, Ar) € {£1}7.
Assume from now on that n’ = n. Then H = H via the identification (13), and H; = H}. The
formulas (20) and (22) imply that, in terms of Theorem 1.2,

S M A et (W B () [ OGS dilo) (24)
Ae{£1} Gi
= Z My(s) Z A1 - Ay
s€W (He,Ge) re{£1}'

det"/?(s™" h)wo Ho f (h) dp(h)

lim

1
’I‘EE?,W7T*>1/I;I det(lf (h')f’p(h))swh/

’ﬂ

= D My(s) H H o) (s) (25)

s€W (He,Ge) j=1
/ S(p(h! (5~ .h) 1)) det/2 (5~ k) Ho £ (h) dia(h)
Hy
= detk/Q(h')W[,u(H’)(—nP+”W(H”’G)|S€W(§H:wc)sign(s)jf[l f[ ) - Hof(s.h').

!

Suppose, from now on, that the form ( , )’ is hermitian. Then the element y,. (19) does not

depend on the e. Moreover,
n

H ) yé 1)—n+p_(Wh/)’

where Qp_(Wb/) is the maximal dimension of a subspace of WY on which the symmetric form
(J', ) is negative definite.

Under our assumptions we have the identification W(Hg, Gi) = W(Hc, Ge). Let us denote
both groups by W (H¢). Furthermore, for s = oe € W(Hc),

n
sign(s H €; = sign’(
j=1

where the sign’ is defined by Ay (s.h') = sign’(s) Ay (1).
For A € {£1}" define

— (1)t (W)
qg(\) = (-1) \W( )‘M)\z “Ap
Then (24) shows that
1 AN(<(1/
X [ &*w)9)1 @) duta)
1 1
T W(H, G)|[W (He)| SGV;H e h/)Hmf(sh). (26)

This function is clearly W (H¢)—invariant.
Let v € h* = b'* be a regular element. For h € H™9 define

2 sew(He) sign’(s)h®Y

) = A_y(h)
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Then (26) shows that

1 ~
/H [Au (W)FF (1) Ae{;}n e /G O 5(h)g) f(9) dpu(g) dp(h) (27)
R - 2 1 sy 2w (sh) s
= ) S |W<Hc>|sewzmc> <F( " A—w(s-h)> o fug Pl dyu(gH) du(h).

The group ¥, acts on the set {£1}" so that

O°Mhg) = O (67 .h)g) (0 € Tp,Ae {1}, he H™ g Q).

Hence, the left hand side of (27) may be rewritten as

S ) [ 18w WEF0) s [ €260 (a) dle) duh

Ae{£1}n Hrres

-3 S o) /H A (W) EE()— /

li ~
Ne{£1}"/%, [o]€X,/Stabs,, (A) frea pH) Ja

-y S a [ AP0 g [ M) 0) dinla) du)(28)

!
N e{1}"/5, [0]€S, /Stabs,, () res p(H')

O (p(h)g) f(9) dulg) du(h)

Let G) be the isometry group of the form (23). Then

|3,/ Stabs, (N)| = m.

Hence, (28) is equal to

W (1ic) erm - [ o
AT fyn, A OO [0 6(0)(9) dita) du(hiz0)

We know from Theorem 2, there are functions fy € D(G)) such that

H(il/) /é@’\(;ﬁ(h)g)f(g) du(g) = / fr(g.p(h)) du(gH’). (30)

G//H/
Furthermore,
F(h) = Z Fy 15)(h), where (31)
[s]EW (H/,G4)\W (Hc)

ZSIEW(H',G;\) Signl(S/S)hS,s’Y
A o (R)

F)\,[s](h) -

Hence, (29) is equal to

Y. W)W (He) >
e/, (S| (8, G\ W (1)
1

TG S 27 P Pt () /@/ﬁ/ Falgp(h)) dp(gH').  (32)
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We may assume that the forms (, )’ and (J , ) are positive definite. Then (—1)p*+p*(wh/) =1
Thus we see from (32) that the equality (27) may be rewritten as

VAL A2 - Ay,
[Ale{£1}n/%, [s]eW (H',G4)\W (Hc)
1
—_— A/hZFSh/ Frlgp(h)) du(gH’
|W(H’,G’/\)| PVllmg| ‘1’( )‘ >\,[]<) & i A( ()) ( )
1 1
. Ag ()2 e
WG] Jugres S0 i)
A_yi(s.h .
S (FemFER) [ fapt) dutam) ). (3
SGW(Hc) A*‘Q(Sh) G/H

If D =R and dim(V’') = 2n + 1 then
Adg e Ay = (—1)2 dim(GA/KY)

where K, C G} is a maximal compact subgroup. In this case (33) simplifies further to

ST (-1 am@) >

Ale{£1} /5y [sleW (H",G))\W (Hc)
1

—_ Ay (h)|*F h/ Frlg.p(h)) du(gH’

WG] Sy, = PR fo g P20} (ot

1 A_y(h)

- e [ 1Bep (P32

[WH, G| Jiires fg-p(s.h)) du(gH) dp(h).  (34)

> sEW (Hc) G/H
Thus, in this case, the weighted sum of the Cauchy Harish-Chandra integrals (26) coincides with
the transfer map studied by Adams [Ada98, Def. 4.5] and Renard [Ren98].

3. PROOF OF THEOREM 1

3.1. Properties of Cauchy Harish-Chandra integral on the Lie algebra. Let ' C g’ be a
f—stable Cartan subalgebra. Denote by A;(gg, be) the set of imaginary roots of b’ in g¢. Fix a
positive system ¥ C A(gg, hi). For ¢ € S(g) and for 2’ € h"*9 define

!

chewwy (¥)(2) = [] @Ei; |det(ad(w'))gf/h'P/Q/cfwvv(x'+$)1/J($) dp(z). (35)
acev g

Let b, ey = {2 € b'[a(z’) # 0 for all o € V}.

We proved in [BP06a] that the function chew w g is smooth on §7® and for any w € Sym(hg)
the derivative (w)chew,w,p is locally bounded. The remaining property to be proved is the jump
relation (see (36)).

Fix a single non-compact imaginary root @ € W. Let 2’ € §’ be such that a(z’) = 0 and the
derived Lie algebra [g/*, g/*'] is isomorphic to slo(R). This means that z’ is a sub-regular element
attached to the non-compact imaginary root o. Let H, € i/, X1, € g’gia be such that

[XavX—oz] = Hou [HouX:I:a] = iQX:taa Xa= X—a,
where X — X stands for the conjugation with respect to the real form g’ C gc- In particular,
(Xo, Hyy X_4) is a sly—triple. Then, we have the decomposition
b = RiH, ® ker(a).
Let -
cla) = exp(—iz ad(Xo + X—4)) € End(gg).

Then
c(a)(be) Ng' =Rsq Hy @ ker «
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is another Cartan subalgebra of g’ denoted by b/,. Let ¥ Nat = {8 € V|B(H,) =0}. Then
TNnatocla) !

is a system of positive imaginary roots of b/, in gi. denoted ¥,. Set

d(a) 2 if the reflection with respect to « is realized by an element of G
o) =
1 otherwise.

Let w € Sym(bhi). Put

(O(w)chew,w,p (1)) (2") =
lim 3(w)chcw7\p,h/(¢)(x’ + tiHa) — tl_i)%lJra(w)ChCW’q;,h/(’l/))(I/ — tiHa)

t—04

We need to prove the following jump relation
(O(w)chew,wp (1)) (2") = id(2")O(saw)chew v, b, (¥) (@) (36)
3.2. Some useful facts.

Lemma 3.1. Suppose that H is a compact Cartan subgroup of G. Then x € b is not annihilated
by any non-compact imaginary roots if and only if G* is compact.

Proof. Recall the Cartan decomposition
g=EtDyp.
Then
gc=tcDpc = @Ec,a & @PC,B,
a B

where the o’s are the compact roots and the (3’s are the non-compact roots. Thus
gt=bc® P tca® P e
a(z)=0 B(xz)=0

and the lemma follows. O

Lemma 3.2. Let h C € be a Cartan subalgebra of g =€ D p. Let

V=a;V,
be the decomposition into h—isotypic components over D. Let x € h. Then x is annihilated by
precisely one mon-compact imaginary root of b in gc if and only if G* is not compact and either

(1) there is exactly one pair j < k such that eig(xlv,) = eig(xlv, ), and x|y, # 0 for alll
if D =R and the form ( , ) is skew-symmetric, or

(2) D =R, the form ( , ) is skew-symmetric, the sets eig(x|yv;) are distinct
and there is exactly one 1 such that x|y, = 0.

Here eig(x) stands for the set of the eigenvalues of x.

Proof. There is t € G such that § = Ad(t). Since z = 0(x), t preserves the decomposition of V.
More precisely, if the form (, ) is hermitian, then t|y, = ¢;ly;, where ¢; = 1if (, )y, > 0, and
ej = —1if (, )v; <0. If the form (, ) is skew-hermitian, then ¢ is a positive compatible complex
structure on V and there are real numbers 7; such that x|y, = r;t|y; for all j. As an h—module,

p="8=ED"a(V;) ® P Hom(V;,Vy).

J i<k



14 F. BERNON AND T. PRZEBINDA

Here 'E C F stands for the anticommutant of Fin F, i.e. 'E = {y € F; zy+yx =0 for allz € E}.
Suppose the form ( , ) is hermitian. Then ‘g(V;) = 0 for all j. Moreover, * Hom(V;, V) # 0 if
and only if €; + ¢, = 0, and in this case * Hom(V;, V) = Hom(V;, V). Thus

p= €  Hom(V,, Vi)
j<k,Ej+€k:0

Let a be a non-compact imaginary root. Then there is exactly one pair j < k, with €; + ¢, = 0,
such that « is an eigen-character of h in Hom(V;, V)¢, i.e. Hom(V;,Vy)c,o # 0. Then o(z) =0
is equivalent to

det(ad(x))Hom(Vka) =0,

which, by a case by case verification, is equivalent to

eig(zlv,) = eig(z|v,).
Suppose the form (, ) is skew-hermitian. We may assume that D # C. If « is a non-compact
imaginary root, then either

"Hom(V;,Vk)c,a # 0, for some j <k,

or
'g(Vi)c,a # 0, for some .
Notice that
ad(2). Homv, v,) = (17 + %) ad(%t)tHom(ijVk)’
and
ad(z)egv,) =11 ad(t)ig(v,).-

This implies our lemma. O

Corollary 3.3. Let h C ¢ be a Cartan subalgebra of g = ¢ ® p. Let x € b be such that = is
annshilated by precisely one non-compact imaginary root of i in gc. Then the space V has a direct
sum decomposition

V=Vo@dVi & V@ D Vy,
such that [g"|v;,, 8% |v,] is isomorphic to sla(R), and for each j > 1 the element (z,V;) is indecom-
posable and g*|v, = blv,.

Moreover the sets

eig(zlv,) (j=0,1,2,--- ,m)
are disjoint.

If (z,Vo) is indecomposable, then D = R, the form (, ) is skew-symmetric and x|y, = 0. In
this case g*|v, = 9(Vo) is isomorphic to sp2(R).

Suppose the element (x,Vo) is decomposable. Then (x,Vq) is the sum of two distinct indecom-
posables. If x|y, # 0 then both components are non-zero and gy, = t11. If zlv, = 0 then D =R,
the form (, ) is symmetric, (, )v, has signature (2,1) or (1,2) and g*|v, = §(Vo) is isomorphic
to so(1,2).

3.3. The reduction.

Proposition 3.4. Suppose H' is a compact Cartan subgroup of G'. Let 1 € D(g). Then the function

O vy 3 2 — che()(&) = / che(z! + ) (z) du(z) 3 C
g

18 smooth.
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Proof. This may be done via a wave front set computation as in Lemma 15.6, [Prz00], or explicitly
as follows.

Fix 2" € h7,,_,..,- It will suffice to consider the function che(t)(2) for " in some small neigh-
borhood of z’. Furthermore we may assume that v is supported in an arbitrarily small completely
invariant neighborhood of a semisimple point x € g, which belongs to the singular support of

che(z'+ ). Let
V' =@V, and V=PHV;
J k

be the isotypic decompositions with respect to xL and z respectively. It is not difficult to check that
the sets eig(sc'\\/;) are disjoint. For each j, let V; be the sum of all the V}, such that eig(a:’\\/;) =

eig(x|y, ). We arrange the indecies so that \~/j # 0 if and only if j =1,2,3,--- ,m. Then
W = @ ker(z' +z) N Hom(V;,\~/j) @ ker(z' 4 2)*.
j=1
Let U’ C g’ and U C g® be slices through 2/ and x respectively. Then for 2/ € U’ and for z € U,

m

chew(z' +y) = H chcker(z'+z)mHom(V§7\7j)(‘T’ +y) hker(priay (7 +9);
j=1

where the last factor is a smooth function. Since, by Lemma 3.1, G’ = s compact, the above
decomposition of cheyw reduces the proof to the case when G’ is compact. In this case,

— 1
che(x' + x) Y(x) du(x) = —{zw, w)) ¢(w) dw,
| e’ = 2y v dute) = [ x(Glow. ) ot

where ¢ € S(W) is the pullback via the moment map W — g* of a Fourier transform of ¢. (Here
the fact that ¢ is rapidly decreasing follows from the compactness of G’.) In particular, it is clear
that the function in question is smooth. O

Proof. [of Theorem 1] Theorem 1 holds for pairs of type II, as was observed by Bernon in [Ber01].
This is a consequence of an explicit formula [Prz00, Prop. 7.21]. Thus we may assume that the pair
(G,G’) is of type I. Then G, G’ are the isometry groups G = G(V, (, )) and let G' = G(V',(, ),
as in section 1. Recall the §—stable Cartan subgroup H' = T'A’ C G’. Let V/, C V' be the subspace
on which A’ acts trivially, and let V., = V.+. Then V/ has a complete polarization
Vi=XaVY
preserved by H'. We may and do assume that V., C V and that the above is also a complete
polarization with respect to the form (, ). Let U =V.+ C V. Then
V=V.,aU.
The above decompositions induce embeddings:
GL(X") x G(U) C G,
n’ = Hom(X',V.) + Hom(X',Y') ng’' C ¢, (37)
n = Hom(X', U) + Hom(X',Y')ng C g.

We assume that the subgroup GL(X') x G(U) C G is preserved by 0. Let W, = Hom(V., U). Then,
by Corollary 8 of [BP06b], there is a non-zero constant

oV, VLX)
ETVAVIS Ok
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such that, for ¢ € S(g), we have

ax’)

ChCW,\I/,P)/(w)(x/) =cC H |O[(JT)| ‘ det(ad(l'/))gl(xl)/b/lxl |1/2
ae¥(gl(X"))
oz’
/ / 11 ( ,) chew, (2 |vy + 9)V (g 2'[x +y) du(y) du(gH[x), (38)
GL(X")/H'|xs Jg(U) Q€T (g(V2)) lov(z")]|

where, for the purpose of normalization of the measure p, H'|x» € G’ C Sp(W). Moreover, ¥ is
the disjoint union of W(gl(X")) € Ar(gl(X)c, by c) and W(g(Ve)) € Ar(g(Ve)e, by, c), and the
integral over g(U) is not there if W, = 0. If W, = 0 and §’ acts trivially on W, (or equivalently on
V.) then the chew, (¢'|v: + y) is replaced by chew, (v)-

If chew, (y) = 0 or chew, (y) # 0 but b’|y, = 0 then we see from (38) that chew,w,p(¢) is an
orbital integral, so there is nothing to prove.

If b'|v, # 0, then chew, v,y (1) is essentially the tensor product of an orbital integral for gi(X’)
and chew,w(g(v)), v Thus the formula (38) shows that, if the jump relations are satisfied under

the assumption that H’' is compact then they are satisfied in general. Therefore, we can assume
that H' is compact.

Fix an element 2’ € b’ which is annihilated by precisely one non-compact imaginary root of §’
in g. Then, by Corollary 3.3, the space V' has a direct sum decomposition

Vi=VoaVieVia---aV,,
such that [g% |v,, g% |v,] is isomorphic to sly(R), and g’z'|V;_ = f)/\v; for each j > 1. Let © € g be a
semisimple element in the singular support of the distribution che(x’ +.). Let

V:@Vk
k

be the x—isotypic decomposition of V. Since det(a’+xz) = 0, there are j and k such that eig(x’|V;)ﬁ
eig(zly,) # 0. (Then eig(z’|v,) = eig(zly,).) For each j, let \7j be the sum of all the V}, such that
eig('|v;) = eig(z|v, ). Let J €{0,1,2,--- ,m} be the set such that \7j # 0. Then

W = @ ker(z’ + 2) N Hom(V}, V) | @ ker(z' + )t
Visva
Let U’ C g’ and U C g® be slices through 2/ and x respectively. Then for 2/ € U’ and for z € U,
chew (2! +y) = H Chcker(x'+x)mH0m(v;,\7j)(117/ +vy) Chckel‘(z’-t,-w)L (2’ +v),
JjET
where the last factor is a smooth function. Also, by Proposition 3.4, for each j € J \ {0}, the

function

(' +.) e D'U)

is smooth. Hence, the jump may occur if and only if 0 € J. In that case we are lead to consider
the pair

usa — ChCHom(vg,(/j)mker(z’-m)

G|y, G*[g, € Sp(ker(z' + z) N Hom(V{, Vy)). (39)

Now we use Corollary 3.3. If 2’|y, = 0 then z|y = 0 and the pair (39) coincides either with
(Opyq? Sp2 (R)) or with (Sp2n (R)7 Ol,2>'

If x’|V6 # 0 then :E|\70 # 0 and there are complex structures J' € ¢ and J € g such that

' =r'J and x = rJ, for some r,r’ € R\ {0}. Furthermore, if we view V’ and V as complex
vector spaces via the actions of 7" and 7, then

G/I |V(’) = U1,17 GI|\70 = Up,qv
ker(z' + x) N Hom(V}, Vo) = Home (V), Vo).
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By Theorem 10 of [BP06b], we know that for the dual pairs (Op,q4, Spa(R)), (Sps,(R), O12) and
(Up,q-U1.1), the jump relations are satisfied. We deduce the result using a partition of unity. O

4. PROOF OF THEOREM 2

As in the case of Theorem 1, we need to check the boundedness and the jump relations. The
boundedness shall be verified in Proposition 4.1 below, where we use the notation of section 1
without comments. The verification of the jump relations is done via the reduction to smaller
cases (as in the proof of Theorem 1), lifting to the Lie algebra via the Cayley transform and
localization, as in the proof of Proposition 4.1. We leave the details to the reader.

Proposition 4.1. Let f € D(Gy). Then for any u € Sym(b),

(A\I,/ /@ (9) du(g ))’ < .

Proof. Let us write ® = Oy in order to indicate the dependence of the character © on the
underlying spaces, V and V’. Consider first the case when —1 is not an eigenvalue of any element

sup
h' eH/rsg

of supp(f).
Let P = (P*, P™) be a partition of the set {1,2,---,n'}:
{1,2,---,n'} =PtupP. (40)
For € > 0 let
H'(Pye) ={h e H'||h; + 1| > eif j € P*, and |h} + 1] <2¢if j € P~} (41)
Also, let

VE=3"VL V=Y v (42)

jeEPT jerP—
Then, for € > 0 small enough, the sets (41) are non-empty and form an open covering of H', and
the family of functions

Ovvi-(Wg)flg) (W € H(Pe))

is bounded in D(CN}) From now on we fix such an e.
Let U/ = {a € ¥'|a C P*}. Then for any v € Sym(h(), the function

Ay (h)

' € HY (43)

is bounded. Furthermore,

Ay (R)

Ay, Ay () e ) /é@v,w 3(1)g) (Ov.v. (B(H)9)f(9)) diulg).  (44)

Thus we may assume that V4 = 0 (i.e. P~ = () and consider only the b’ € H' with Ip(h); +1] > €
forall 1 < j <n'. Let

p(r') =c(@"), g=-c(z)p "

Then
O(p(h')g) = ©(E(z")e(x)) = O(h'v™)che(x' + z)O(g0). (45)
Thus (44) coincides with
M@(ﬂh’)a*) oy (@) / che(z' + x) (O(E(x)) f(&(x)0™)jg(x)) du(z),
7Tg’/h’(x ) g
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where 7y g/ (2') = [[,cq (') and jg is the Jacobian of the Cayley transform ¢ : g — G. Since

any derivative of the function R 5 ¢t — % € R is bounded, it is easy to check that for any
v € S(hg), the function
Ay ()

L(v
/b (2)

(W e ) (46)
is bounded. Also,

=1\ n—1 1
O] < ‘det(l +p<h/))w"
Hence, the theorem follows from [BP06a].

Suppose 1 is not an eigenvalue of any element of supp(f). Then the elements of the support of the
function f(9g) don’t have —1 as an eigenvalue. Furthermore, 9 € G’ NG and Ay (k') = Ay (h'D).

Hence, by the left invariance of the measure p, the left hand side of (44) is equal to

A (1) /G O (' )0g) £ (29) dyu(g), (47)

and we are in the case considered previously, with p(h’) replaced by p(h')d, so the result follows.
Thus we need to consider functions f supported in a completely invariant open neighborhood V of
a semisimple element gyo which has both 1 and —1 as eigenvalues.

If D = C, then G’ N G is a double cover of the unitary group U;. Hence, by choosing VV small
enough we may translate, as in (47), by an element of G’ N G to reduce to the case considered in
(44). In order to resolve the general case we proceed as follows.

For a partition P, as in (40), let

11 11
. /. . - + / . . —
H'(P) ={NW e H; |h;-+1|>1f0|h;fl\ if j € P™, and |h;fl|>1—0|hj+1\1fj€P 1.
The sets H'(P) are not empty and form an open covering of H'. Let
V=VtaVv"

be a direct sum decomposition preserved by gg and such that —1 is not an eigenvalue of go|y+, and
1 is not an eigenvalue of go|y-. We may assume that the neighborhood V is small enough so that
the families of functions

V3g—Oy-ve(l'g) (W eH(P))
V3g—Oyiv-(l'g) (W eH(P))

are bounded in C*°(V). Then the families of functions

Ov- v+ (Ng) I~ T
Vog— 5 (W e H(P)),
97 By g M ETT)
/
Vsg o v W)y

("‘)V+7V/— (Dh/g)

are also bounded in C*(V). Furthermore, for ' € H'(P) and g € V,
Ov+ vi-(hg)

Ov+ vi- (0 g)

- Oy- v—(h'g)Oy- v+ (0h g)

O(h'g) = O+ vi+ (W g)Oy+ v/ (0h g)

9v—,v'+(h/g)
Ov- v+ (O g)
Let

W= (0.8 ) e’ "), 0y € G'(V'H), 2 € b/|yis,
and let

g=(04@"))&z7), 04 € G(VT),

* e g are conjugate to elements of g(Vi) respectively.
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Then, as in (45),
Ov+ v+ (h'g)By+ vi- (01 g) (49)
= Ovs vt (WO )cheys v (' + 21) Oy vt (g04)
Oy vi- (W)cheys v ('~ + 2F)Oy+ vi- (g)
= Ovr (07O v (W) cheys o (' +a)Oy i v+ (904)Ov+ vi- (9),
where 2’ = 2’~ + 2’*. Similarly,
Ov- v~ (M g)Oy- v+ (0h g) = Oy~ vi— (B)Oy- v+ (hlall)ghvcvf,v' (@' +a7)
Ov-v-(9)Ov- v+ (g90). (50)
Hence, (48) is equal to
Oy vt (M7)By i (W)Oy- i (1) Oy- v (W0 ) chey v (' + )

_ @ ’— h’g @ -/ hlg
(@ (92.4)8v- v (9)8v- v (6)Oy- v (g0 1) g = ((a W g)) v~ jé W g))> (51)

The term in parenthesis is a smooth function and the product of the first four terms on the right
hand side of (51) is dominated by

1 1
det(1 + p(A) Homv+ vty det(L = BIV) Homv+ v
1 1
det(1 = p(A)) Homv- v+ det(1 + PV)) Homv-v+) |

Thus, since the cﬁc\/,v/ in (51) corresponds to the situation when the rank of g’ is less or equal to
the rank of g the theorem follows from [BP06a).
O

5. PROOF OF THEOREM 3

As before, let © be the distribution character of the Shale Weil (oscillator) representation (of
Sp(W)). In the first subsection, we prove that there exists a certain subset on which we can

restrict ©. This proves that Chc has a nice restriction on a dense open subset of G’ denoted
G/ The Proposition 5.3 says that the compatibility of Chc with the Capelli Harish-Chandra

npb*
homomorphism is satisfied on G;pb. The crucial point is that any regular element belonging to a

fundamental Cartan subgroup belongs to CN};pb. The extension to the whole G is immediate from
Theorem 2. In the second subsection, we introduce some notations and recall some classical results
due to Harish-Chandra. In the last subsection, we prove Theorem 3.

5.1. The restriction of © to a dense subset of GG'. For ¢ € Sp(W) the tangent space
T,Sp(W) may be identified with gsp(W) C End(W). Then the dual space T, Sp(W) is identified
with {g} x sp*(W) by
5p" (W) 3 & — (T,5p(W) 3 gz — () € R) € TySp(W)
and the cotangent bundle T*sp(W) with Sp(W) x sp*(W). Denote by p the canonical projection
p:T"Sp(W) 3 (g,€) — g € Sp(W).

Similarly, T*é\};(W) is identified with éf)(W) x sp*(W).

Let (G, G’) be a dual pair in Sp(W). The conormal bundle to the embedding GG’ — Sp(W) is
given by

Nag ={(99".8)19 € G, g € G/, £ € 5p"(W), &lgsq =0}
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Recall, [Prz00, Lemma 12.2], the wave front set of the distribution character © € D’((Sp)(W))
of the oscillator representation is

WE(0) = {(g, 7ep(w)) | g € Sp(W) x sp"(W), w € W, w # 0, g(w) =w}, (52)

where 7, : W — g%, 7(w)(z) = (2w, w). Also, the elements of %(W) act on W via the map (1).
Clearly,

WF(©) N Nga
= {(p, Tepew) (w)) € GG’ x sp(W) | w € W\{0}, 74(w) =0, 74 (w) =0, pw = w}, (53)
and therefore,
p(WE(0) NNgg,) = {p € GG’ |w € W\{0} with 74(w) = 0, 7/ (w) = 0, pw = w}.
Thus
GG\ (p(WF(©) NNgg,)) = {p € GG’ |75 1(0) N7, (0) Nker(p — idw) = (0)}.

Let (~}’<n the preimage of the set of all elements of G’ which do not preserve any nonzero (isotropic
in the type I case) subspaces of the defining module for g’, of dimension less or equal to n.

Lemma 5.1. Let V denote the defining module for G. If G is the isometry group of a form ( , )
on V, denote by n the Witt index of the form (, ). If G = GL(V), let n = dim(V). Then the set
of the elements g € G', such that gg' € GG"\ p(WF(©) N Ngg,) for all g € G, is equal to G,,.

Proof. Suppose the pair (G, G’) is of type I. Then G’ is the Lie algebra of the isometries of a form
(, ) on V’/, and the symplectic space W can be realized as W = Hom(V,V’). For w € W define
w* € Hom(V',V) by

(w(v),v") = (v,w*(v")) (veV, v eV).

Let g € G,g’ € G/ and w € W\ {0} be such that Tg(w) =0, 79 (w) =0 and g¢'(w) = w. Then
w*w = 0 and ww* = 0. Hence, im(w) C ker(w*) = im(w)*, and ker(w) 2 im(w*) = ker(w)=.
Thus im(w) C V' is an isotropic subspace, and ker(w) C V is a co-isotropic subspace. In particular
the dimension of the image of w is not greater than the Witt index of the form (, ). The equation
g9’ (w) = w translates to ¢'w = wg and implies that ¢’ preserves im(w).

Conversely, suppose g’ € G’ preserves an isotropic subspace X' C V' of dimension not greater
than the Witt index of (, ). Then there is an isotropic subspace X C V and a linear bijection
w : X — X'. Define an element g € GL(X) by

gw = wg.

Let Y C V be a subspace complementary to X+, and let U = (X 4+ Y)+. Then Y is isotropic,
V=Xa@&Ua&Y and g extends to an element g € G which preserves X, Y and U. Let us extent
w to an element of W so than ker(w) = U@ Y(= X1). Then w is a non-zero element of W with
w*w = 0, ww* =0 and g'w = wg.

Suppose, from now on, that the pair (G, G’) is of type II. Let us realize the symplectic space
W as W = Hom(V, V') @ Hom(V’,V). Let g € G,¢' € G’ and w € W \ {0} be such that 74(w) =
0, 7g(w) =0 and g¢'(w) = w. Then there are S € Hom(V,V’) and T € Hom(V’,V), with S or T'
non-zero, such w = (S, T). Hence our condition translates to, ST = 0, T'S = 0, ¢’Sg~! = S, and
gTg'~' =T. Clearly, ¢’ preserves the image of S and the kernel of 7. Furthermore, dim(im(S)) <
dim(V), co — dim(ker(T")) < dim(V) and at least one of these spaces is not zero.

Conversely, suppose ¢’ € G’ preserves a non-zero subspace X' C V', with dim(X’) < dim(V).
Let X C V be a subspace of the same dimension. Let Y C V be a complementary subspace. Let
S € Hom(V,V’) be such that ker(S) =Y and S|x : X — X' is a bijection. There is g € G with
g'Sg71 =8. Let T =0, and let w = (S,T). Then w # 0 and ST =0, TS =0, ¢'Sg~! = S, and
gTg ' =T.

O
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Let m: G x G' 3 (9,9") — g9’ € §f)(W) denote the multiplication. Lemma 5.1 implies that the
pull-back m*(©) € D'(G x GL,,) is well defined. Let Ko denote the corresponding integral kernel
operator:

Ko : D(G) — D'(GL,),

Ko(¥)(W') =m*(©)(W@¢) (v e D(G), ¢ € D(GL,)).

npb © G’ be the set of all the elements of G’ which do not belong to any proper parabolic
subgroup of G'. In other words Gy ;, = GL, is the set of all the elements of the group which do
not preserve any non-zero (isotropic in the type I case) subspaces of V'. In particular G| ; C GL,,
for any n = 1,2,... . Clearly it might happen that the set G;pb is empty. In fact G;pb coincides
with the set of the orbits passing through the regular elements of a compact Cartan subgroup of

G’. In the following lemma we shall focus on the cases when G, # 0.

Let G/

Lemma 5.2. For any ¢ € D(G), the restriction of the distribution Ke (1) to é;pb is a smooth
function. We shall denote this function by

|ewa v @ <Gy,
Proof. We know from [Hér83, Theorem 8.2.12] and (52) that

WE(Ke(¥)lg, ) € {(g' 79 (w)) g € Gy, and there is g € supp(v))
and w € W\ {0}, such that 74(w) = 0 and ¢'g(w) = w}.
Let g, ¢’ and w be as above. Then
T (w) = Ty (99" (w)) = g (w)g' ™. (54)
On the other hand, 74 (w) = 0 implies that 74/ (w) is nilpotent. But since g’ € é;pb, (54) implies that
this nilpotent element has to be zero, (see [CM93, Lemma 3.8.4]). Therefore WF(Kg (1/1)\(};]”) =0,
and the lemma follows. O

Recall the left regular representation of g:

L@)(g) = Solen(-tr)les  (r€a.9€C, veCT(G), (59)

and similarly for g’. Then L extends to an injective homomorphism from the universal enveloping
algebra U(gc) to the algebra of the analytic differential operators on G. Recall the involution
U(gc) 2 2 — 2 € U(ge) defined by 2 = —2, z € g. The action of U(gc) on the space D'(G), of the
distributions, is defined by

L(z)u(w) = u(L(2)y)  (ueD'(G),z € Ulge))-

(Notice that this definition is consistent with the embedding of C*°(G) into D’(G) via the Haar
measure. )

Assume from now on that the rank of g’ is less or equal to the rank of g. Recall the Capelli
Harish-Chandra homomorphism Cg ¢ : U(gc) — U(gk)", [Prz04, equality (5.5)].

Theorem 5.3. For any v € D(G) the function
G 29— [ OWailg)dy e C
is smooth and invariant under the conjugation by G’. Moreover for z € U(gc)®,

[ O(d'9)L(2)v(g) dis(g) = L(Cq g (=) /G O/ a)i(g)dulg) (g € Gly).

G
The above statements hold with the © replaced by Che (see (8)).
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Proof. The first part is clear from Lemma 5.2. Furthermore, in terms of the Weyl calculus as in
[Prz00],

/egg (g)dulg) = T(q"ET(L(=))(0) = T(gJ4T(2)6T(1)(0)
- TWMN%@&DWWM®= T(Cory (2))4T (¢ AT () (0)
= Lo (NITWITWN0) = Loy (=) | Old's)0(a) dnla).
where the third equality follows from [Prz04, 6.12]. O

5.2. Recapitulation of some results of Harish-Chandra. Let H be a Cartan subgroup of a
real reductive group G. Let h and g denote the Lie algebras of H and G respectively. Fix a positive
root system for the pair (gc, hc)

For a root « let g, C gc denote the corresponding he—eigenspace. Let Z(gc) C U(ge) denote
the center of U(gc).

Theorem 5.4. [HC51, Lemma 36|, [HC56, Lemma 18] For each element z € Z(gc), there is a
unique element +'(z) € U(hc) such that z —+'(z) € 3o U(gc)ga. Moreover the map

Z(gc) 2 2 —7'(2) € U(he)
is an injective algebra homomorphism.

Let W be the Weyl group for the pair (gc, hc). Let p = % Y aso @ Let A denote the following
automorphism of U(hc)

o) = —pa)  (x € be).
Define
y=Xo7
Theorem 5.5. [HC56, Lemma 19, Lemma 20] The map v : Z(gc) — U(hc)"W is a surjective

algebra isomorphism. This map does not depend on the choice of the positive root system. If o is
an automorphism of gc which preserves hc, then

V(o(2)) =o(1(2)) (2 € Z(gc))-

If z — Z denote the anti-automorphism of U(gc) defined by 2 = —z if z € g, then

v(Z) =7() (2 € Z(ge))
For a root «, let 7, denote the corresponding character of H:

(exp())® = exp(a(z))  (z €h).
(We assume that these characters exist.) Set
A =J[a-r (hen).
a>0

Define S.(H"®9) to be the space of all smooth functions f on H"®Y, such that the support of f is
bounded and for every z € U(hc),

sup |L(z)f(h)| < 0. (56)
heHres

Define a topology on S.(H"®9) by taking all the quantities (56) as seminorms. Let

I(f)(h) = A'(h) - flghg™")du(gH) — (h € H™, f € D(G)). (57)
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Theorem 5.6. [HC57, Theorems 2 and 3] For a function f € D(G), I¢(f) € S.(H™9). Moreover
the map
D(G) > [ — I9(f) € S.(H'™)
s continuous. Furthermore
I€(2.f) =7/ (2)-I°(f) (2 € Z(ge), f € D(G)),
(Here we identify the z with L(2).)

For h € H let
A(h) = h*A'(h), (58)
Ag(h) = IT G=na(r ),
a>0,a real
er(h) = sign(Ag(h))

Theorem 5.7. [HC65, Sec. 22] For a function f € D(QG), and for h € H™9 define
I = ex(WA®) [ Flgh)di
G/H
Then 5 5
I9(2./) =7(2)I°(f) (2 € Z, f€D(Q)).
Remark. In the introduction, we defined an unnormalized orbital integral denoted IS which is not
bounded. The normalized orbital integrals IS and IS are bounded. The last one is the original
Harish-Chandra orbital integral.

If needed we shall write eﬂg’ and A%, in order to indicate the group with respect to which these
functions are defined. Consider a parabolic subalgebra q C g, with the Langlands decomposition
g=modadn.

From now on we assume that the Cartan subalgebra b is #—stable, and that h Np = a. Let
Z(m¢ @ ac) denote the center of the universal enveloping algebra of the complexification of m & a.
As in [HC65, Section 12] set

Vg/mea = Ymwa/n © Ta/y * Z(8c) = Z(mc @ ac). (59)

Let Q be the parabolic subgroup of G such that Lie(Q) = m @ a and L the Levi factor of Q. We
have Lie(L) = m @ a. For f € D(G), denote by f® the Harish-Chandra transform of f (see (0.3)
of [BP0O6b]).
Theorem 5.8. [HCG66, Corollary 2, page 94, and Corollary of Lemma 14, page 96] For any function
f €D(G), and any z € Z(gc)
(Zf)L = Vg/m@cv(z)fL-

Moreover,

°(H) =1  (feD(Q)).

Recall, [HC51, p. 117], the Harish-Chandra radial component map d¢ /0 from the algebra of
analytic differential operators on G to the algebra of analytic differential operators on H™9. For any
analytic Ad(G)-invariant differential operator D on G, d, /H(D) is the unique analytic differential
operator on H"®Y such that

D lres = 8¢y (D)(@lures) (¢ € C(G[H™])S),
(see [Var77, Proposition 6, p. 225]). Let 7 /u denote any analytic square root of the determinant
H™ 5 h — det(Ad(h™') — 1)g/ € C.
Then
am(L(2)) = mg L (mam (2 € Ulac)®), (60)
(see [HC56, Theorem 2, p. 125] and [HC65, Lemma 13, p.466]).
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5.3. The Chc and the Capelli Harish-Chandra Homomorphism. Let (G,G’) C Sp(W) be
a dual pair with the rank of G’ less or equal to the rank of G.Recall the Cartan subgroup H' C G’
and the parabolic subgroups Q' C G, Q C G. We identify b’ with a subspace of g, as in [Prz04,
Proposition 1.14]. Let 3 C g be the centralizer of §’ and let Z C G be the normalizer of 3 in G. If
the pair (G, G’) is of type I, then there is a non-degenerate subspace U® C U such that 3 = ' © 3",
with 37 = g(U°). If the pair (G, G’) is of type II, then 3 = b’ ©3”, with 3/ = gl(U). Let Z” = G(U°)
in the first case, and let Z” = GL(U) in the second case. Then
Ulse)” =Uhe) @UGH™
where W’ is the appropriate Weyl group for G’. Let
e 1 U(3¢) — C

be the algebra homomorphism by which U (3¢) acts on the trivial representation of 3. Choose a
Cartan subalgebra §” C 3”. Then h = b’ ® b” is a Cartan subalgebra of g. Recall the Capelli
Harish-Chandra homomorphism, [Prz04, equality (5.5)],

Cog U(ge)® — U(Efc)Gla Cog = ’Y;}b/ o(1®ezm)o 72?/% ©Ya/p- (61)
Similarly, in the type I case we have,
Cay,atvy) : UEU)) Y — U(g(VL)e) 4V,
Also, let b, = b’|x» C gl(X’) and let b, = b’|v: C g(V.). Then
Ube)” =u, )" @Ube)™e. (62)
where W, (resp. W) is the Weyl group of b ¢ (vesp. by c).
Lemma 5.9. Suppose the pair (G, G’) is of type 1. Then
Yo'y © Cag = (Vat0x)/m, ® Vo(viy /v © Co(u).ave)) © Va/meva:
If the pair (G, G') is of type 11, then
Yo /i © Cagr = (Yaix) 7, @ €577) © Vg/maa-
Proof. From (61) we see that
~1
Yo'/t © Cog = (VQl(X’)/h; ® €5) Y55 © Ya/bs
and similarly
—1
Yav2)/bs © Ca(uy,ave) = (Le ® €7) 07, 4y 5wy © Va(U)/b(L)

where 3(U) = g(U) N3 =h. 3" and 1. stands for the identity on U( ’Cyc)Wé,
Let us write 1 = 1, ® 1. for the identity, according to the decomposition (62). Then,

Yo'/t ©Cog =(1® €5) 0 72,_/1) © Ym@a/p © ’Yn:elau/h ©Ya/b
=L ®(le®er))o 737/%) © Tmda/h © Vg/mpa
=(lL;®(l® 63”)) o (18 ® '7;(6)/5@1)) © Ym@a/h © Vg/mPa
-1
= (L ® (Le@eyr) o ’yg(U)/b(U)) ° (Ya1x) /b, ® Ya(u)/p(V)) © Vg/maa

= ('Vgl(x’)/h; ®(le®@er)o %,Iio/f,(m ° %(U)/bw)) °Vg/mea
= (Yax) /0, ® Yo(vz)/pz © Co(u).a(ve) © Va/meva
This verifies the first equality. The second one is simpler:
Yo'/t © Cagr =(1® €5r) 0 7;/}, © Tm@a/p © Vg/mea
(L@ €gr) o (1@ yyrmr) ™ 0 (Yauoxey /b, ® V5 /) © Vo /mava
(L ®e5) o (Yguxy s, @ 1) © Vg/maa
=(Va10x) /0, ® €5) © Vg/ma-
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O

Proof. [of Theorem 3] Consider first a dual pair (G, G’) of type L. Let ¢ € D(G) be supported in

a connected set of a single sheet of the covering map G — G. Our task is to show that for all
= H/reg,

| Chela’ @) L:)040) dinta) = S (LUCa(21) [ Chela’ i) dto). (63)
Let A’ (resp T’) be the split (resp. compact) part of H'. Put, as before,

V,={veV]av=0VaecA'}

Then, there exists a unique complement V/, of V/, in V' such that the decomposition

V' =V.a V.,
is preserved by H’. The space V., has a complete polarization
Vi=XaY.

Let 2/ € H™9. We put 2/ = xla!, according to the equality H = TA. We can assume that V. is
contained in V (otherwise Chc is trivial) and we have a decomposition

L
V=V.,aU.
Recall that W, = Hom(VZ, U). In Theorem 9 of [BP06b], three cases are considered. The two first

ones are simpler than the last one, therefore, we assume that h’ doesn’t act trivially on W.. We
have

e§L<X'><x;>AGL<X’)<x;>|det(Ad(x’) DY2) det(Ad(2""1) — 1)w))| / Chew(x'9)(g) dpu(g)
GL(X")/H! , JG(U)

Chew, (xgye)¥" (h.(0x)y) du(y) du(hHly,).  (64)
where the constant Cj is explicitly known. Since m @ a = gi(X’') @ g(U), there are finitely many
elements s; € U(gl(X")c)S*X), ¢; € U(g(U)c )G(U) such that

Vg/mEBu 251 & ¢i.

X!

Then, by Theorem 5.8,

(L(z)p)" = Z (L(s;) ® L(ei)) ™.

Hence, if we replace ¢ by L(z)1 on the right hand side of (64), we get

Coe(x Z/ / 6H(gL(X)( )AGLX)( ) (Dxéyé)ChCW( ,cyc)
GL(X")/H,, JG(U)

X

(L(s:) ® L(cx)) ¥E (. (02)y) dps(y) dps(hHjy, ). (65)

We may rewrite (65) as follows
2 /G » / (@, Tt ™ (@) Chow, (eLe) (L(si) @ L() 5 (a'y) dp(y) dp(z).  (66)
L /
By Theorems 5.3 and 5.7, (66) coincides with
’ GL(X")
006 Z/GL X) /G(U) ’YE (x’ )/h‘x/( )) (G(Dl‘sys)lax/ ( ))

05 vy it (L(Ca(uy ave) (&) (Chew, (zcye)) Y (a'y) duly) du(z).  (67)
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The reason why we have §; in (67) rather than s;, as in (66), is that s; € U(gc) in (66) and
s; € U(gg) in (67). More precisely, on one hand, GL(X") C G’ acts on the symplectic space
W = Hom(V, V') via the postmultiplication by the inverse and on the other GL(X') is identified

with a subgroup of G via the embedding (37). This inverse forces the transition s; — 3;.
The formula (60) implies that (67) is equal to

Co (1 ® o) ) (Z%ux' /r,/ ) @ Ya(va)/p2 © Couy,g(v: (Cz)> (1 ®Wé(v;)/ﬁ;)
! H/
/ / ©)Chew, (lye) ™ (xy) du(y) du(z).  (68)
GL(X')

Then, Lemma 5.9 shows that (68) coincides with

1
C 1®7 L’}// /OC’/(ZV’) 1®7-(-~ N S,
' ( Wé(v')/ﬁ;> Oy © Ca (2)) ( G<VC>/HC)

/ / 18200 (2! Chew, (alye) 6 (xy) dpn(y) du(x).  (69)
GL(X") JG(U)

5

Hence, by (64),

<1 ® 7"6;(\/1/C)/ﬁg> L (g7 © Cag0 (2)) (1 ® Wé(vé)/ﬁé)
eg "D @)ACE) (2] det (Ad(a')w)| /2] det(Ad(2' 1) — 1)) /G Chew(z' )1 () dp(g)
= e 0D (@) ASEX) (2] det(Ad (2} )[V2] det(Ad(x' 1) — 1))
/é Chew(a'9) (L(=)i(9)) dulg) (70)
Notice that
ACEO (o) det(Ad(a')o)| /2| det(Ad (2 ~) = )| (1€ 7y i, ) (@) = A (@),
Hence, (70) may be rewritten as

1
e ) (a) AC (a)

L (g1 © Cargr (2)) €82 (1) A () /G Chew(@'g)$(g) du(g)

- /G Chew(z'g) (L(2)i(9)) dug)- (T1)

Since
1

ex ") (@) A% ()
we are done.

We consider now a dual pair (G, G’) of type II. Again, we need to verify the equality (63). From
Theorem 6.5 of [BP06b], we see that

("yg//h/ o Cg,g’(é)) EI(gL(X )((E;)AG/ (.’L' ) = 6/(;//H’ (Cg’g/(é))7

¢ (@A @) [ Chow(w'9)i(g) duls)
G
(2. (n2)u u xH'
=0 [ [ @A @t du(w el (72)
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where Cy is an explicitly known constant. Since méa = g’ ®gl(U), there are finitely many elements
si € U(gr)S, ¢ € U(gl(U)c)MY)| such that

Vg/méBa Zsz®cz

Then, by Theorem 5.8,

(L(z))F = Z (L(si) ® L(c;)) ™.

Hence, if we replace ¢ by L(z)1 on the right hand side of (72), we get

G’ . Cs L z.(0r' u u 2H').
COZ/ JH /GL(U) DAY (2') (L(si) ® L(c)) ¢ (2. (02)u) dp(u) dp(zH') (73)

G’

We may rewrite (61) as follows
/ | /G oy € AT @@y (@) (Hs0) L)) ) ) @) ()

By Theorem 5.7, (74) is equal to

Z/, /GL L ’YQ /f)'( )) (6]1%/ (x/)AG/(xI)IDz’ (1’)) €57 (éi)wi(xu) d,u(u) dﬂ(x) (75)
Lemma 5.9 (ii) shows that (75) coincides with
Ly sy © Cogr(2))ei! (a)AY (&) / /~ Low ()" (wu) dp(u) dp(z). (76)
+ JGL)

Hence, by (72),
L(vgryr © Car (9)ef (") A% (a) /G Chew(x'9)¥(g) du(g)

= ¢ (/)a% (! / Chew(2'g) (L(2)1(9)) du(g)-

Since
1

Tac @ o Cox O @IAY () = 0 5 (Caw (),

we are done. 0
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