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0.1 Introduction

The purpose of these notes is to shed some light at the oscillator representation, dual pairs, First
Fundamental Theorem of the Classical Invariant theory and the notion of Cauchy Harish-Chandra
integral. In particular, we recall Howe’s Construction of the oscillator representation [H1] and the
notion of the wave set of a distribution. We compute the Cauchy Harish-Chandra integral in the case

of a small but non-trivial dual pair (O3, Sp2(R)).

All we do, except this last computation, may be found in the literature [H1], [H2], [H6 ], [P1 ], [P2 ].
These notes were prepared by P. Olaya and are based on a seminar lectures given by T. Przebinda
the Fall of 2005.

in



Chapter 1

A Construction of some
Representations

1.1 Fourier Series

Recall the Fourier Series for a square integrable function on a unit circle St = {¢/@:9<R}.
i in £ i —in do
D =Y g g = [ e (11)
neZ st T
and the Plancherel formula:
iy 2 dO
LAY 2
— = n|2db. 1.2
[ ers =S (12)

We shall identify the real vector spaces R? with the field of complex numbers C by

R? > (z,y) — 2z =x+iy € C.

Let p denote the usual Lebesgue measure on R2:

[ seadady = [ F)duto).
Then
PO ={f:C=C [ £15= [ IF@)Fau) <.

Let 7,0 be the polar coordinates in C. Thus, for f € L?(C) we have:

fre) = Y fulr) e (13)
neZ

1 2 o dr

I = Z/R rfur)?e (14)

(For r fixed apply (1.1) to f.(e¥) = f(re'®). Then integrate (1.2) over the group R*.)



Define:
L*(C), = {g € L*(C) : g(z¢"?) = g(2)e™? 2 € C}. (1.5)

This is a closed subspace of the Hilbert space L?(C). The statements (1.3) and (1.4) say that L?(C) is
the Hilbert space sum of the subspaces L?(C),

—

L*(C) = @nez L*(C),.

1.2 Some operators on L*(C).

Define the following linear maps L?(C) — L?(C):

J(2) = atf(at2), acR* (1.6)
mbf(z) = eiblzlzf(z), beR (1.7)
WJ(2) = fleu), ue St (1.8)
Sf(z) = [f(2). (1.9)
(1.10)
These operators are unitary. For example:
lauf I = [ et (111
= [ ettty 2 a1 . (112

Thus 6, my, Ry, S € U(L?(C)), the group of unitary operators on L?(C).

Fact 1.2.1 If B is a bounded operator on L?(C)o which commutes with all the my and all the &4, then
B coincides with a constant multiple of the identity.

Proof:

For each N € N there is pn € L*(R) s.t.:

fn(r) ::/chN(b)eibﬁdb

supp fn C[0,N+1], fv € C*(0,00), 0 < fy(r) <1 and f(r) =1 for r € [0, N].

Since B commutes with all the multiplications by e, it commutes with the multiplication by fy.

Hence
B(fn) = B(fnfn+1) = [NB(fni1)-

Therefore:

B(fn)(r) = B(fn41)(r), (r <N).

Thus the following limit exists:

O(r) = lim B(fx)(r), (r>0),
Moreover, it is clear that for any compactly supported function f € L?(C)g,

B(f)(r) = C(r)f(r), (r>0).



(Say supp f C [—A, A]. Then, since r > 0,

) = fue TR

neZz
and thus
B(f)(r) = B(lim fx f)(r) = f(r) lim fn(r) = C(r) f(r).)

Since B is a bounded operator, the function C' is bounded. Therefore, by approximation, the last
equation holds for all f € L?*(C)o.
Notice that

0aBo,1f(2) = a ' (Bi,1f)(a'2)
a 'Ca™'r)(8q-1f)(a™12)
= Cla'r)f(2).

However, by our assumption, 6,B8,-1 = B. Thus C(r) = C(a"'r)(a,r > 0), and hence C is constant.
o

Corollary 1.2.1 If B is a bounded operator on L?(C),,, which commutes with all the 8, my, then B
is a constant multiple of the identity.

Proof:

Define By by
L*(C)o 3 f(r) — g(z) = f(r)e™’ € L*(C),

1 Bo !

I2(C)o 3 B(g)(ré™)e™" —  B(g) € L*(C),

Then By is well defined bounded and commutes with all the d,, and m;,. By Fact 4.2.2, there is a
constant C' such that

Bof(r) = Cf(r).
Hence Bg(z) = Cg(z) 0.
Directly from the definition of the map S we deduce the following equality:
S L*(C), = L*(C)_,. (1.13)

Corollary 1.2.2 If B is a bounded operator on L*(C), + L?(C)_, which commutes with all the
Oa> My, S, and R, then B is constant multiple of the identity.

Proof:
Since B commutes with all the R, it preserves L?(C),, and L?(C)_,,. Hence by Corollary 1.2.1 there
are constants C,,, C_, such that B|;2(c),, = C+nI. But Corollary 1.2.2 implies C,, = C_,,. o



1.3 Some Relations between the Operators ,, my, S, R,

The following relations are easy to verify:

51115112 = 5a1a27 51:-[3 (114)
Mpy My = MMy +bys mo = I; (115)
Ry, Ry, = Ruu,, Ry =1I; (1.16)
S? = I (1.17)
5amb6a_1 = Mg—2p; (118)
SR.,S = Rua; (1.19)
0aRuby—1 = Ry, 0a90,-1 = S; (1.20)
mpyR.m_p, = Ry, mpSm_p = S. (1.21)
1.4 A Fourier Transform
Let
Fi() = [ 12 () (1.22)
C
Then
Ff(z) = f(=2) (1.23)
Fto= 1 1.24)
Flfz) = / F(z")e2 B2 gy (2. (1.25)
C
Here are some easy to check properties:
FouF™V = 4; (1.26)
FR,F' = Ry (1.27)
FSF ! = &8 (1.28)
Hence
FL*(C), = L*(C),. (1.29)

1.5 Some Relations between Matrices

Some elementary matrix multiplications verify the following identities:
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50, +;2 o(6r 1 6) > (1.33)

() —s(6)
RO ) (1.34)
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1.6 The oscillator representation of Oy x SLs(R)

Theorem 1.6.1 i) The operators 8,,my, generate a subgroup of U(L?(C)) isomorphic to

P+={< Z a91 ) ca € RT,be R} C SLy(R)}

ii) The operators 0., my, F generate a subgroup of U(L?(C)) isomorphic to SL2(R).
iii) The operators R,,S generate a subgroup of U(L*(C)) isomorphic to Os.

Proof:

Part 4) is obvious from (1.14 )-( 1.16 ) and ( 1.30 )-( 1.32 ). Let ( ?; g > € SLy(R). If a > 0 then

there are unique a € RT, b, c € R such that:

(- DN

If o < 0 then there are unique a € RT,b,c € R such that:

(55)=G)Ce ) ) e )G ) 5)

If « =0, and 8 > 0 then there are unique a € R*,b,c € R such that:

(5 8)=Go) (e DG )

If &« = 0,3 < 0 then there are unique a € R*,b, ¢ € R such that:

(55)-GoCe DDA )



In order to verify i3) it suffices to match

at 0 10 0 1
(0 o) (b 3)mme (G0)-

Similarly
c(@)  s(6) ‘ 0 1 L .
( —s(0) c(0) — R, 10 ) S, so iii) follows. o
Denote the corresponding isomorphisms by:
w: SLy(R) — U(L*(C)), and  w: 0y — U(L*(C)) (1.37)

Thus we have the following fact.

Fact 1.6.1 e w(SLy(R)) commutes with w(O3).

acts irreducibly on L*(C)y,

and w(SLa(R)) act irreducibly on each L?(C),,.
w(03) acts irreducibly on each L*(C),, + L*(C)_,.

—_—  —  ~—  —

w(SL2(R)) acts irreducibly on each L*(C), + L*(C)_,.
Thus

—

L*(C) = @neN(LZ(C)n + L*(C)_,) (1.38)
is the decomposition into irreducibles under the joint action of Oz and Sla(R). (Here 0 € N.)

Also, the representations of SLy(R) on L?(C),, and L?*(C)_,, are isomorphic, via S. Hence for n # 0:

Lz(c)n + LQ(C)—n = Lz(C)n ® CQa (139)
where SLy(R) acts by w(—) ® 1 while Os acts by
c(0)  s(6) etnf 0 0 1 0 1
(—5(9) c(a))_’1®( 0 e_i”‘9>’ (1 0>_’1®<1 0)' (1.40)

Let m, be the representation of SLy(R) on L?(C),, and Let 7/, be the representation of Oy on C? as
in 1.40. Thus, we have shown the following that the restriction of w to SLa(R) x Oz has the following
decomposition:

w=Y mem,. (1.41)

neN

1.7 0, SIs(R) C Sps(R).
0 1
-1 0
(w,w'y = tr(w'" Jw), (w,w € W).

Let Sp(W) = Sps(R) C End(W) denote the group preserving the form (, ). We embed Oy and SLy(R)
into Sp(W) as follows:

Let W = M3(R), and J = ( ) The following formula defines a symplectic form on W:

g(w) = gw, g¢'(w) =wg"™" (we W,g € SLy(R), ' € O5).



This definition is correct because

(g(w), g(w"))
(g'(w), g'(w"))

tr(w'" g Tgw) = tr(w'" Jw)
tr(w'(¢")" T g (w)) = tr((g™") " w" Twg'™")

(0" Tug' = (g ™)") = tr(w" Tw) = (w, ).
Furthermore, we have the following fact:
Fact 1.7.1 The groups Oz, SL2(R) are mutual centralizers in Sp(W).
Proof:
Let E;; € W be the matrix with 1 in the i-th row and the j-th column, and zeros elsewhere. We identify

End(W) with Ms(R) via the basis F11, E12, Eo1, Eas.
Then the elements of Oy correspond to matrices

(63)

Suppose S € End(W) commutes with Oz. Then in terms of matrices

(& B)(5 ) =ms=(0 ) (4 5)

(99" =1, g € M2(R)).

Hence
Ag = gA, Bg =gB, Cg = gC, Dg = gD
Bytakingg:(o1 é)orgz(? é)weseethat
A=al, B = (I, C =~l, D =41,

for some «, 3,7,6 € R. Thus there is 0 € GLy(R) such that:

S(w) = ow.
But S preserves the form ( , ). Thus 67 J¢ = J. This means that o € Spo(R). Hence Sp(W)°2 =

Sp2(R).
Conversely, suppose S € Sp(W)5P2(R) Then

(A B (g 0
=(e b)) o=(5)

and gs = Sg translates to

(9 € Sp2(R)),

gA = Ag, gB = By, gC = Cy, gD = Dg.
Bytakingg:( _01 (1)>org:<g a91 )Weseethat
A=al, B=pI, C=~I,D=54I,

for some «, 3,7,6 € R. Thus there is 0 € GLy(R) such that:

S(w) = wo.

But S preserves the form (, ). Thus 07o = I, i.e., S € Oy. We conclude that Sp(W)5rz(R) = 0O,.
o



Chapter 2

The Oscillator Representation

2.1 Fourier Transform in S(R") and in S*(R") .

Definition 2.1.1 S(R") is the space of all functions ¢ : R — C such that

Pa,s(p) = sup |2787p(x)| < oo
weR‘n
for all multi-indices o, 8. The topology in S(R™) is defined by the seminorms py, g.
For example, any Gaussian
e Az (A= AT >0) (2.1)

belongs to S(R™). Also, S(R") is closed under multiplication by polynomials and under taking deriva-
tion. Obviously
S(R™) c L*(R™). (2.2)

Define the Fourier transform F, by
Fol&)i= [ plaje s, (cR™). (23)

Theorem 2.1.1 The Fourier transform F : S(R™) — S(R"™) is an isomophism, with inverse given by:
Flo) = / p(§)e™mdg

Moreover, F2¢(x) = p(—x).
We now collect some useful and obvious facts.

Fact 2.1.1 For each g € GL,(R), andy € R", the map ¢ — ¢, ¢'(x) = p(gz+y), is an automorphism
of S(R™).

Fact 2.1.2 For ¢ € S(R"),

o 05, Fp(§) = F(§), where (&) = —2mi&ip(S),
o 2mi§ Fip(€) = F(§), where ¢(£) = e, 0(§)-

10



Fact 2.1.3 Let R” = R? ® R? and let F,, : S(RP) — S(RP) denote the Fourier transform, then
Fp@I:SR") — SR")
is an isomorphism.

Definition 2.1.2 The space S*(R™), the dual of S(R™), is called the space of tempered distributions
on R".

The facts 2.1.1-2.1.3 hold in S*(R™). Also we have the following simple fact.
Fact 2.1.4 There is an embedding

S(R") = S*(R"),  p(w) — p(w)dw.

2.2 Fourier Transform of a Gaussian

/ e dr = 1.
R

/ e_mZde:a_%, (if Rea> 0,y € R).
R+iy

Fact 2.2.1 (Liouville)

Corollary 2.2.1

Fact 2.2.2 (Fourier Transform of a Gaussian)
]:(efﬂ'azg)(g) _ efmz_lg/ 67ﬂa(z+ia_l)2dx _ af%efﬂa_lf.
R
This facts generalizes to the n-dimensional case:
Fact 2.2.3

/ e ATy — (det A)~2, (A= AT, Re A>0).

This is because both sides agree if ImA = 0 and both sides are holomorphic in the set of the indicated
matrices, which is convex.

Fact 2.2.4

[ e (A= AT, Re 4> 0)
R +iy

This is due to the fact that the n-form e~™*" 42dz is closed, so that the integral of d(e‘”zTAzdz) on the
(n + 1)-chain
IxR"> (t,x)—x+iye C”

vanishes.

Let A= AT, Re A > 0. Then for z,y € R",

2T Ax + 2izTy = 2T Ax+2TyAiA Yy + (1A )T A
= (z+iA 'y Az +iA y) —yT Ay

Hence, for A symmetric and positive, we have:

11



Fact 2.2.5 i

ATy, (2.4)
(det A)

Fle ™ A%)(y) =

Theorem 2.2.1 Let B = BT = B,det B # 0. Thus, in the sense of distributions, i.e., in S*(R™),

o sgn(B)

/| det B]

Fe"B)(y) = ey (25)
Proof:

Let ¢ > 0 and let A = el —iB in 2.4. If € — 0 the left hand side of 2.4 goes to the left hand side of
2.5. Similarly the exponential function of the right hand side of 2.4 goes to the exponential function
function of the right hand side of 2.5. In fact, let b1, b2, ..., b, be the eigenvalues of B, then:

det(el —iB) = V(e —iby)
k=1
n .
— /b |e? 5 59(=bx)
k=1
! — L T gifsaton
Therefore _— H e' 4590k o
det(el — iB) |det B ;-7
2.3 The Oscillator Representation
Fact 2.3.1 o (Schwartz Kernel Theorem) The following map is an isomorphism of linear topological
spaces:
SR"®R") 2 K — Tk € hom(S*(R"),S(R")), Tk f(z) = K(z,2')f(2")da'

R»

e Composition

Tr, Tk, = Tk,, / K(z,2")K(z',2")dx'.

o The adjoint (Tk)* equals Tk~ , with K*(x,2') = K(2/,x).

For a matrix A= AT, Re A >0, A € May 2,(C), let

(xT,m’T)A< 1; )
Ka(z,2')=e * (z,2" € R") (2.6)
Then

TKAITKA2 = f(Ala A2)TKA37 A3 = h’(Ala AQ) (27)

(TKA)* =Tk,
Let
| Tx [|= sup || Tk f |2 (2.8)
lfll2=1

Then || Tk, |I< 1.
Let W =R"®R", and let



Definition 2.3.1 e (Symplectic form)
(ww') =w"Jw,  (J= < 0 1 ) sw,w' € W). (2.9)
o (Twisted Convolution)
fiahaw) = [ fitw) ol =), (. 2 € SOV)). (2.10)

o (The Weyl Transform)
o S(W) — hom(S* (R”), S(R™))

p(f) =Tkg,;, Kjg(x,a")= N flx —2' + y)eiﬂ(y’m‘m,)dy (x = (2,0),y = (0,y) € W).

Fact 2.3.2 The following formulas hold:

p(f1af2) = p(fi)p(f2),  p(f7) =p(f)"  fT(w) = flw).

Let
yalw) = emmw" Aw (A= AT ReA>0,we W), (2.11)
Then it is easy to check that
p(a) = K, A= f(A). (2.12)
By (2.4)
VB4, = det(Ar + Ax) Py, Az = F(Ay, A2). (2.13)

Definition 2.3.2 (Normalization:) Put

0 = £ det(A + %j)%m.
Then

Yo%, =% (A3 = k(A;, Az)), (2.14)

(’721)* =7z0-

Extension of the Weyl Transform:
b S(W) cat. of partial Fourier T. S'(R" & R") Schwartz Kernel Theorem hom(S(R™), S*(R™). (2.15)
Fact 2.3.3 The space of bounded operators on L>(R™),
B(L*(R™)) C hom(S(R"™),S*(R™)).
Fact 2.3.4 Let B = BT € Mgy, 2,(R) and let A be as in (2.11). Then
o limaip p(va)f = p(vin)f, feSR).
o p(viB)p(v-iB) = 1.
o || p(vip) = 1.
o p(vip,)p(ViB,) = p(ViB,), Bs = (B1, Ba).

13



Definition 2.3.3 The metaplectic group Mp is the subgroup of U(L*(R™)) generated by all the oper-
ators p(vip), B = BT € Moy on(R).

Definition 2.3.4 The Cayley transform c¢(x) = i—ﬂ, is a birational isomorphism

c:sp(W) — Sp(W), =1
Let
Yig s, = p~ H(p(viy ) p(ViB,))-
Corollary 2.3.1 ° Vféjc(gl)h’yf%]c(gg) = Y_iJc(gi92) (91,92 € Spe(W).
® V-1 Te@) - 5Te(g-1) =0 (g € Sp*(W)).
e Mp> Y-ige(g) 9 € Sp¢(W) is a 2 to 1 map preserving group operations.

Lemma 2.3.1 (Group Laws are determined by 3/4 majority). Let G be a group and U C G be a subset
such that U = U~" and g1U N g2U N gsU N gaU # 0 (9; € G). Let G be a group generated by a copy U
of U such that

1. (wl=@wh,uel,
2. uguy = ug if urug = us, (u; € U).
Then the map uw — u extends to an isomorphism G — G.

Proof:
Notice first that G = U2. Indeed, if g € G then gU N U # 0 implies g € UU~! = U2. There is a
homomorphism

j:G— G, jw)=u(uel).
By the above, j is a surjective. Since G, is generated by U,
G=UUuU*ul’U..
We will show that
G=U> (2.16)
Since U C U? by the above argument, this will follow from
U c U (2.17)

Let uy,us,u3 € U and uy € Uﬂu;lUﬁu;gUﬂ (uyug) " LU.
Then

Uy Up Uz = Uy Up Ug UG Uz = Uy Upls Uy U3

Uy 21y u21U3 eU?

This verifies (2.17). We need to show that j is injective. Thus if u; € U,i = 1,2,3,4 and ujus = uguy
then we need to check that u; us = us us. There is

uw € UNuy'UNuytUN (ugug) U (then u € (uguy)~'U).
Therefore
iy = wupuu = tuu = () ut
= (wug)u) u = (uguq)u) vt = uz(uqu) vt
= Ustyu Ul = Uz U = gl 0



Let
Sp = {(9,€) : g € Sp°, &> = det(i(g — 1))}
This is a real analytic manifold and the map

Sp 3 (g,€) — g € Sp(W)

is a two-fold cover. Let:

Xo(w) = eloww) (x € sp(W),w e W)
O(g,¢) = ¢
T(9,8) = ©(9,8)Xe(o)
3’\1/7 = the unique connected 2-fold covering of Sp containing Sp°.

We have verified the statements 1,2,3 and 4 of the following theorem:

Theorem 2.3.1 The map T : gz/)c — S§*(W) extends to a unique injective continuous map

T : Sp — S*(W).
Moreover:
1. T(§)§T(G2) = T(3162) (g7 € Sp),
2. TG ) =T (7€ Sp),
3. T(1) =6,

4. p(T(Sp)) = Mp C U(L2(R™)),
5. tr( [, E@)p(T(@)d5) = [5, 0@ E@)dg (B € C(5p).
Proof of (5):

Suppose suppF C %C. Then

[ @@ e som),

Hence,

o[ p@er@a = [ [ B@RE@) .. g

- /§VE<g>T@<o>d§: 0@ E@G)dG. o

2

15
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Chapter 3

An Example

3.1 The Oscillator Representation (continued)

We begin by recalling what we verified, in the previous sections, in a coordinate free form. Let W be a
finite dimensional vector space over R with a non-degenerate symplectic form ( , ). Let Sp C End(W)
denote the corresponding symplectic group with Lie algebra sp C End(W). Let J be a positive definite
complex structure on W. This means J € sp, J2 = —Id and the symmetric bilinear form

(Jw,w") (w,w" € W) (3.1)

is positive definite. Let dw be the Lebesgue measure on W normalized so that the volume of the unit
cube, with respect to the norm defined by (3.1) is 1. Fix a character

x(r) = ™" (r e R). (3.2)
Let
1
Xz (w) = X( (2w, w)) (z € spg,w € W). (3.3)
Fix a complete polarization
W=XaY. (3.4)

We restrict the scalar product (3.1) to X and Y, and normalize the Lebesgue measures dz, dy so that
the volumes of the corresponding unit cubes are 1. Recall the Weyl transform

p : S"(W)— hom(S(X),S*(X)), (3.5)
o) = Ty Tpula) = [ Koo ula)ie' (3.6)
Ki@a) = [ fa=a'+ 06 lo+ai. (37)

For two distributions fi, fo € S*(W) define the twisted convolution

fuifr = 7 (p(f0)p(f2) € S* (W), (3.8)
whenever the composition of operators makes sense. Recall the Cayley transform
c(x) = (z+1)(x—1)"* (z € end(W)). (3.9)

Let Sp® C Sp denote the domain of ¢, and let sp¢ C sp also denote the domain of c.

16



Fact 3.1.1 The Cayley transform c(z), is a birational isomorphism

c:sp° — Sp°,

with inverse equal to c : Sp® — sp°. It extends uniquely to the complezifications c : spi — Spg, by the

same formula (3.9).
Fact 3.1.2 For any x € sp, the formula
(xw,w") (w,w" € W)

defines a symmetric bilinear form in W.

Let sp& = {z +iy : z,y € sp,(x , ) > 0,det(z + iy — 1) # 0}, and let Sp§ = c(sp&) C Spc.

Fact 3.1.3 The subset SpJ(rJ C Spc is a subsemigroup. The closure of Spé contains Sp. Moreover

Spé C Spc and SpJé C Sp&.
Definition 3.1.1 Let

Sp = {G=1(9,€): € = deti(g—1),9 € Sp°}
Spe’ = {7=1(9,6): € =deti(g—1),g € Sp&}

and let g — g be the corresponding covering map. Define

0@ =& T =0@)xee (G€Sp USpo)

Thus e 4
T:5p USpe — S*(W).

Finally, let
- _ o —e —1
w(g) = p(T(9)), (g€ Sp USpg).
Then we have,

Theorem 3.1.1 The map T extends to a unique injective continuous map

a)
T:Sp— S (W)

such that for gi1,92,9 € Sp

b) o s .
w(g1)w(g2) = w(g192), w(@w(g—) =1

In the topology of S* (W)

c) N
TG - lm T @ € 5).
Spe3p—1

For any g € %, the map
S(W) 3¢ —T(g)1p € S(W)

is continuous. Moreover
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d)

@Il <1 G € Spc).
For a subspace V' C sp define the unnormalized moment map
v W —V", Tv(w)(z) = (zw, w) (x e V,weW). (3.14)
Lemma 3.1.1 Let G,G’' C Sp be a dual pair with G' compact. Then the map
S(g") 3¢ — Yo € S(W)
is well defined and continuous.

Proof:
The assumption that G’ is compact is equivalent to the assumption that there is a positive definite
complex structure J as in (3.1), such that J € g. This implies

Tg(w) =0 w=0. (3.15)

Indeed,
Tg(w) =0 & ((zw,w) =0 forall z € g) & (Jw,w) =0

because J € g, and (J—, —) is positive definite. Furthermore

Tg: W —g"
is a quadratic map. Hence, if ||| is a norm on the real vector space g*, then there are constants
0 < A < B < oo such that
Al w P mg(w) S Bllw|?*  (weW), (3.16)

where || w ||?= (Jw, w). We see from (3.16) that if ¢ : g* — C is rapidly decreasing, thus so is
Yorg: W — C.

Hence, with some more work, the lemma follows. ©

Lemma 3.1.2 Let G,G’ C Sp be a dual pair with G' compact. Then for any E € C°(G),

T(E) = /G E@T()dg € S(W)

and the map

CX(G)2E—T(E)eSW)

1S continuous.

Proof:
Let U =GN Sp¢, and let U C G be the preimage of U. Then there are g1, go, ..., gn € G such that

G=JaU.
i=1
Fix E € C°(G). There are functions E; € C>°(G) such that supp E; C ﬁjﬁ and B = 0| E;E.
Hence



() = S TEE =Y [ (ERGITENGE

= >1@): [ 26160,
j=1 v
where ®;(g) = (E;E)(g;9). Hence, by (7?7) we may assume that suppE C U. Then

T(E) = /éE@@@xC(g)da

where j(z) is the Jacobian for c. Let

Then ¢ € C(g). Let

Then ¢ is a Fourier transform of ¢, and therefore ¢ € S(g*). Moreover
T(E) =1 org.
Thus Lemma 3.1.2 follows from Lemma 3.1.1. ¢
Lemma 3.1.3 For ¢ € S(W), the operator p(T(p)) is of trace class and tr(p(T(p))) = ¢(0).
Proof:

tr(p(T(p) = tr(Tk, () /K )z, z)dx (3.17)

// (x —z+y) (2<y7w+x>)dydm—/X/Yso(y)x((y,@)dydw (3.18)
= /Y (y)o(y)dy = ¢(0). © (3.19)

Let H = L?*(X). Then w is a unitary representation of 5’79 on the Hilbert space H. Thus for any
subgroup of Sp, w is a unitary representation of that subgroup on H.

Theorem 3.1.2 (The First Fundamental Theorem of the Classical Invariant Theory)

Let G.G' C Sp be a dual pair with G'-compact. Suppose II' is an irreducible unitary representation of
G’ such that Hrr, the II'-isotypic component of H, is not zero. Then Hyy is also isotypic for the action
of G. Let II denote the corresponding irreducible unitary representation of G, and let Hu C H be the
II-isotypic component. Then

Ho = Hm.

Thus IT — 11" is a bijection between (some) irreducible unitary representations of G’ and (some) irre-
ducible unitary representations of G.
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Theorem 3.1.3 Let G’, é’, Hu and Hpp as in Theorem 3.1.2. Then, for E € C“(G’) the operator

T(E) = /G E(g)T1(g)dg

is of trace class and, with G5 = G N SpE,
wnE) = Jim [ [ lon)rl(6)Elg)dgdy
GEap—1Jér Jé
Thus O11, the character of 11, exits and, as a distribution
on(g) = Jim [ [ Olg)0w(g)d.
GEar—1Ja J&

where O (g') = tr(Il'(g')). Here we assume that the total Haar measure of G’ is 1.

Proof:
Let Prv : H — Hp denote the orthogonal projection onto Hyy. From the representation theory of
compact groups we know that

P = / drv O (¢')w(g')dg',

where dipy = dimIT'. By Lemma 3.1.2, w(E) is of trace class. Hence Prpw(E) is of trace class. Thus by
Theorem 3.1.1,

wPra(E) = b [ [ dnil)Bla)es's)dady (320)
= trliy / | /G dn B () B (g)w (g gp)dgdy (3.21)
= tme [ [ dnBue) B(g)la' ) dady (322
= i [ aw®a) BT (6 ) 0)dd (3.23)
= lim / / /G O (9')E(9)O(9'gp)dgdy’. (3.24)

Since IT has multiplicity dps in Hf,
tr(Prvw(E)) = dtr(II(E)),
and our formula follows. ¢
Example 3.1.1 G = Sp2(R), G’ = O-.
Put:
W = Mz (R), (w,w') = tr w" Jw, g(w) =gw, ¢'(w)=wg™ (9€G, ¢ €G, weW).
Let

_ cos(t) sin(t) \ _
H= {( “ein(t) cos(t) ) = h(t) =h,0 <t <2}
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This is a compact Cartan subgroup de G. We shall also view H as a subgroup of G’. Furthermore, we
will identify H with S!, by

h(t) = cos(t)I + sin(t)J «— €.
Let

W7 ={weW:wl =Jw}, TW={weW:wJ = -Juw}
Then forhe HC G, W € HC G,

hh'(w) = hh/™'w (we W)
hh! (w) = hh'w (we TW).
Hence,
det(i(hh' —1))w = det((hh' —1))w (3.25)
= det((hh' — 1))y det((hh' —1))ow (3.26)
|hh'=t — 112|nh — 1)2. (3.27)
Let z,u € C,2? = u,|u| = 1. Then
2 =1 = Ju—u™? = |(u—u1)? = [(u—0)’
=—(u— H)z =—(u— u71)2.

Let h = h(t),h’ = h/(¢'). Then, by the computation above

R~ =12 AR =112 = (=(h(t/2)h(=t'/2) — h(=t/2)h(t'/2)))? (3.28)
X(=(h(t/2)h(t' /2) = h(=t/2)h(~t' [2)))? (3.29)
= ((h(t/2)h(~t'/2) — h(~t/2)h(t'/2)) (3.30)
X (h(t/2)h(t' /2) — h(=t/2)h(~t'/2)))? (3.31)
= ((RR~' =171 - hh))2 (3.32)

Thus )

sone h
O(hh")? = <(1 0 _hh,1)> . (3.33)
Hence,

O(hh') = h (h,h' € C, |W|=1) (3.34)

(1 —hh)(1 —hh'~1)
is a holomorphic function of h. Notice that
(WJ——=)>0ey<0 (uJ €9).

and that
c(iyd) =

1 <y2+1 21y )_y2+1—2y:y+1_c(y).

-1\ —2iy y*+1 ) 42-1 y—1
Thus y < 0 implies |¢(y)| < 1, which justifies (3.34). Let

A:{g(a):(g 2 );a>0}.
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This is the identity component of the split Cartan subgroup of G. As before, we compute:

det(igla)l! — w = det((gla)h’ — 1))
det((ah’ — 1))gs det((a= 1 — 1))
= Jah'7' =1 la” 'R — 1%

Notice that o
la=*h —1|= | —ala™t = |0/ —ala™' = |/t —ala™t = |1 —ah/la"".

Hence, -
O(g(a)h’) = |1 — ak/| 2|1 — ah/|2a?
and therefore,

a a

Tl —ak2 T [1—al||l—ah/ 1|

O(g(a)l) (a> 0,k € C,|i| = 1). (3.35)

Notice that the function (3.35) is invariant under a — a~!. Hence we may assume 1 > a > 0. Let

—{ h as in (3.34)
Y=V g asin (3.35)

Thus |u| < 1, u € C,u # 0. Also let z = h'. Then both (3.34) and (3.35) may be expressed as

= uz)(,LlL D) U Z Z(uz)m(qul)n

m=0n=0

[eS)
_ § um+n+1 Z’m—n .

m,n=0
Let 0 < k € Z. We see that
1 [ u =
=k _ m+n+1 it

— zZidt = u z=¢e
2 Jo (1 —wuz)(l —uz"1) Z ( )

m,n=0m—n==k

) Kk

_ Zu2n+k+l v
v u—u!

Let II' be the representation of G’ which sends z to 2™, and let II be the corresponding representation
of G. We just computed that

On(h) = —hfz,l, (3.36)
ak
Ou(gla)) = —— - (3.37)

22



3.2 A Heuristic Computation

Suppose G,G’ C Sp is a dual pair with G’ compact. Let II,II' be the representation of @,é as in
Theorem 3.1.3. Recall the character formula

onlg)= | 0990 (¢")dg (g€ Q). (3.38)

Let (—1) € Sp be an element in the preimage of —1 € Sp. We know from 7777 that for g € 5/:]/96

On((=1)g) = T((-1)g)(0) = ©((-1)) /W T(g)(w)dw. (3.39)
Let Criv € C* be such that
' ((—1)) = Cn 1. (3.40)
Then, by the left invariance of the Haar measure on 57, (3.38) coincides with

a9((—1T99’)®nf((—1fg’)dg’ = Cu a@((—lfgg’)(anf(g’)dg' (3.41)

cwo(= [ [ Tl @iy (.42)
! ! W
Suppose, from now on, that G’ is not compact. Recall the Weyl integration formula
1
£y =3 s [180OE [ plgagar (3.43)
/af %; \W(H)| Ja G\F

Let O be the character of an irreducible admissible representation II’ of G’. For a Cartan subgroup
H', let A’ be the vector part and let 7" be the compact part. Then A = (R1)?, 7" = U], for some p, q.
Define

/ 1 N2 N Vall
(g) := CwO((-1)) —_— O (R)|A(R)] T(gh')dwdh (g € G"). (3.44)
1 % W (H")| Jgires ANW
Then the Weyl intagration formula implies that

O1u(9) = Cr0((-1)) [ CBwle) [ Tlog')(w)dody
a\w
Thus, if I corresoponds to II via Howe’s correspondence, we should have

O = O (3.45)
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Chapter 4

The Cauchy Harish-Chandra
Integral

4.1 The Wave Front Set

Fact 4.1.1 Let u be a compactly supported distribution on R™ and let

Fu)() :=a(&) z/ e 2Ty (1) dx (EeRM).

n

denote the Fourier transform of u. Then u is a smooth function (times the Lebesgue measure) if and

only if
[a(€)] < Cn(1+ €%~ (E€ER",N=0,1,2,..). (4.1)

Proof:
We show the easy implication only. Suppose u is smooth, then with A = Z;.Lzl 8_,%7,,

1+ [g»HNaE) = (1 —A)Nug)
Thus,

(1+ [ M la(e)

n

=1 [ e @O - AN u)u(a)da] < / (1 = AN uu(a)|dao
RTL
For a compactly supported distribution v in R™ define
S(u) cR™\0 (4.2)
to be the complement of the union of open cones V' C R™ \ 0 such that
[a(€)] < Cn (L + €)Y €€V, N=0,1,2,..). (4.3)
Example 4.1.1 Let 6 be the Dirac delta at 0 € R™. Then
5(¢) =1
thus X(8) = 0.

Fact 4.1.2 If u is a compctly supported distribution and ¢ is a compactly supported function on R™,
then
E(pu) C X(u).
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For u as above, (4.1.2), and for € R™ define

Ea(u) = N E(pu). (4.4)
p€C(R™),p(x)#0
Definition 4.1.1 For any distribution u on an open subset of R™,

WF(u) ={(z,¢) e R" x (R"\0);& € Z,(u)}.

Example 4.1.2 Let n =1. Then
WF(6) ={0} x R".

Let u be the inverse Fourier transfrom of the characteristic function of the interval (0,00). Then
WF(u) ={0} x R*.
For an open set X C R™ lat D’'(X) denote the space of the distribution supported in X.
Definition 4.1.2 Let I’ C R™ x (R™\ 0) be a closed subset such that (z,£) € I’ & (x,t€) for all t > 0.
Set
Dr(X)={ueD(X);WF(u) CT}.
Let uj,u € Dp(X). Then u; — u in Dp(X) if and only if

lim u; () = u(p) (p € CZ(X)),

j—oo
and

sup;supeev €™ |(pu)(€)| < oo
for all N =0,1,2,... and all closed cones VC R"\ 0 and ¢ € C°(X) such that

N (suppp x V) = 0.
Fact 4.1.3 C*°(X) is dense in Di(X).

Let X C R™,y C R™ be open sets and let f: X — Y be a smooth map. Then the derivation

/ a [
f(x) = {%}izl,z,..,jzl,Q,...

The conormal bundle to f is

Np = {(f(z),y) €Y x (R"\ 0); f'(2)" (1) = 0}.
For a subset I' € X x (R™\ 0) let
T ={( ()" () (f(x),m) € T}
Theorem 4.1.1 Let T C Y x (R™\ 0) be a non-empty, closed conic set such that
Nf NT=0.

Then the map
C®(Y)sur—uo feC?X)

extends uniquelly to a continuosly map
Dr(Y) > u— f*u € Dyp(X).

Corollary 4.1.1 The notion of the wave front set makes sense for distributions on real manifolds.

25



4.2 The Cauchy-Harish Chandra Integral: fA,\W T(gh')(w)duw.

Fact 4.2.1 Let H = A'T’ be a Cartan subgroup of G'. Let A" be the centralizer of A’ in Sp and let
A" be the centralizer of A" in Sp. If A’ = (RT)P, then A" = (RT)P. Moreover, (A", A") is a dual
pair in Sp.

Example 4.2.1 G’ = Sps(R), G = Oo;

a 0
A/ = {( 0 afl ) ,CL>O}
nmwooo_ a 0 '
A" = {1y 1 )ia€ RO} E Spu(R)
A" = Gl(R)
w1 0 w19 0
W9(0>+<w2) — 0 (w2gT)_1)€W,geGL2(R)

Fact 4.2.2 For any E € C°(A”) the formula
/  B()T(g) (w)dgdi
A/II\WA/// A//

defines a distribution on A, (Here every consecutive integral is absolutely convergent.)

Fact 4.2.3 Fizh' € H' . The intersection of the WF set of the distribution (4.2.2) with the conormal
bundle to the embedding _ .
G>g— h'ge A

is empty. Thus, by (227),

/ T(H g) (w)id (g€ 0)
N

exists as a distribution on G.

Example 4.2.2 G' = Sp2(R),G = Os.

[ @)y = det (g)adetlg + D) G € A" = GL(R)
Ifth =h'(a)= < g a91 ) € &’ and g € Oy then

det(h'(a)g + 1)w =0, if a # 1.

Thus
[ 1w —o (a£1,g€G).
A/”\WA///

Let b’ be a regular element of the compact Cartan subgroup of G’, as in (??77). Let h € SOy C Os.
Thus

uz uz" !

1 —u2221 — w222’

O((—17) /W T(h'h) (w)dw = O(Kh) =
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where b/ =2 u?, h = 2% :u,z € C*;|u| = 1. Moreover,

uz uz" !

1—u2221—u222
ut—1
=) =2

1 1 1
1—wu222 1—wu2z2

e’} 0o
1— 2 u2nz2n _ § u2n272n.
n=0 n=0

ARYO(RE) = (v —u™?)

Hence, for n > 0

/ _u—ZmA(h/)@(hh/) _ / _u—2m(1 _ Z w2ny2n Z u2n2—2n)
|ul=1 [ul=1 n=0 n=0
=272 4 2™ = Oq(h).

Thus the Cauchy Harish-Chandra integral maps O to O, and then provides symmetry, consistent
with the First fundamental Theorem of Classical Invariant Theory, on the level of characters.
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