
Functional Analysis II, Spring 2008

Homework 6, solutions

1. Give an example of a Banach algebra whose radical has dimension 6.

Let A be the subalgebra of M4,4(C) consisting of all the matrices of the form
a b c d
0 a e f
0 0 a g
0 0 0 a

 (a, b, c, d, e, f, g ∈ C).

Then ∆(A) consists of one element h only,

h :


a b c d
0 a e f
0 0 a g
0 0 0 a

 → a ∈ C.

Hence the radical of A is equal to the kernel of h, which has dimension 6.

Compute the spectrum ∆(A) of the following Banach algebras

2. A = L1(ZN ), N = 1, 2, 3, ....

Let T = {z ∈ C; |z| = 1}. For z = (z1, z2, ..., zN ) ∈ TN and x ∈ A let

Fx(z) =
∑

n∈ZN

x(n)zn

where n = (n1, n2, ..., nN ) and zn = zn1
1 zn2

2 ...znN

N . Let

hz(x) = Fx(z) (z ∈ TN , x ∈ A).

The argument used in class for N = 1 can be generalized to show that

∆(A) = {hz; z ∈ TN}.

3. A = L1(RN ) + Cδ, N = 1, 2, 3, ....

Recall the Fourier transform

Fx(t) =
∫

RN

x(s) exp(−it · s) ds (x ∈ L1(RN ), t ∈ RN ),

where t · s = t1s1 + t2s2 + ... + tNsN . Define

ht(x + αδ) = Fx(t) + α (x ∈ L1(RN ), α ∈ C, t ∈ RN ),

and
h∞(x + αδ) = α (x ∈ L1(RN ), α ∈ C).

The argument used in class for N = 1 can be generalized to show that

∆(A) = {ht; t ∈ RN} ∪ {h∞}.
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