Functional Analysis II, Spring 2008
Homework 6, solutions
1. Give an example of a Banach algebra whose radical has dimension 6.

Let A be the subalgebra of M, 4(C) consisting of all the matrices of the form

a b c d
0 a e f
00 a g (a,b,¢c,d e, f, g € C).
0 0 0 a
Then A(A) consists of one element h only,
a b c d
{0 a e f
h: 0 0 a —a € C.
0 0 0 a

Hence the radical of A is equal to the kernel of h, which has dimension 6.
Compute the spectrum A(A) of the following Banach algebras
2. A=LY(ZN), N =1,2,3,....

Let T={z € C; |2| =1}. For z = (21, 22, ..., 2n) € TV and z € A let

Fr(z) = Z x(n)z"

nezZN

where n = (n1,n2,...,ny) and 2" = 27" 252 ...z . Let
h.(x) = Fa(z) (ze TV, z € A).
The argument used in class for NV = 1 can be generalized to show that

A(A) = {hy; 2€ TV},

3. A=L'RN)+Cs, N=1,2,3,....

Recall the Fourier transform
Fua(t) = / x(s) exp(—it - s) ds (x € LY RN),t e RY),
RN

where t - s = t181 + t282 + ... + tnysy. Define
hi(x + ad) = Fz(t) + « (x € L'RY), a0 € C,t € RY),

and
heo(x + ad) = (x € LY(RY),a € C).

The argument used in class for N = 1 can be generalized to show that
A(A) = {hs; t e RV U {hoo ).
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