Functional Analysis II, Spring 2008
Homework 1, solutions

1. Let A be a Banach algebra and let x,y € A be two invertible elements. Show
that the product zy is also invertible.
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Since z and y are invertible y 'z~ € A, zyy~ x lry =

yy~! =e. Thus y~ta~! is the inverse of xy.

2. Give an example of a Banach algebra A and two elemens x,y € A such that
xy = e but yx # e.

Recall the set of natural numbers N = {1,2,3,...}. Let A = B(L?*(N)), where L*(N)
is the space of square integrable functions v : N — C. Define x,y € A by

yo(1) = 0, yo(2) = v(1), yo(3) = v(2), yo(d) = v(3), ..,
zv(1) = v(2), zv(2) =v(3), zv(3) =v(4), zv(4) = v(5),... .
Then
z(yv)(n) = yv(n+ 1) = v(n) (n € N).
However,
y(zv)(1) =0,

for every v. Thus zyv = v for all v, but if v(1) # 0 then yxv # v. Therefore, xy = e
but yx # e

3. Show that in a finite dimensional Banach algebra A for any two elemens z,y € A
if xy = e then yx = e.

Recall that A is isomorphic with a Banach subalgebra ACB (A). Since the space
A has dimension n < oo, the algebra B(A) is isomorphic to the algebra M, (C) of
n by nm matrices with complex entries. We know from linear algebra that a matrix
a is invertible if and only if the determinand det(a) # 0. However

det(ab) = det(a)det(b) = det(b)det(a) = det(ba) (a,b € M,(C)).

Hence for any two elements z,y € fl, Zy is invertible if and only if 2 is invertible.
Thus, by the above mentioned isomorphism, xy is invertible if and only if yx is
invertible.

4. Consider the Banach algebra A = L1(Z). Let z € A be defined by z(0) = 1,
z(1) = 3 and z(n) = 0 for all n ¢ {0,1}. Find the inverse ! in A.
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Then each 0 € A, dg = e is the identity and

Let

Tr = 60 + 2_151 = 50 - (—2_1)(51..
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notice that
Op x 0 = 5k+l (k,l € Z).

Furthermore, * = e — (=271)d; and || (=271)d; ||= 27! < 1 Hence, the inverse z~!
exists and is equal to

et =(e— (=271)01) "t =00 + (1)27 161 + (—1)*27202 + (—1)°27%55 + ..
=g — 2_151 + 2_252 - 2_3(53 + ...
In other words,

) = { (=1)"27" if n > 0,

0ifn <O0.
5. Give an example of a Banach algebra A and an element z € A such that x # 0

but z2 = 0.
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Then A, with the operator norm, is a Banach algebra and x € A has the required
properties.

Let A = M>(C) and



