ODE sec. 5, Spring 2008
Homework 5, solutions

1. Find all complex numbers z such that z° = i.

z=e e (k=0,1,2,3,4)..

Find the general solution of each of the following differential equations.
2. y" + 3y’ — 10y = 6e”.

This is a second order differential equation with constant coefficients. The corre-
sponding homogeneous equation is

y" + 3y — 10y = 0.
The characteristic equation of the homogeneous equation is
P> +3p—10=0,

which has two solutions p = —5 and p = 2. Hence the general solution of the

homogeneous quation is
yn = Ae 5% + Be*®.

We look for a particular solution of the original equation, of the form y, = Ce*.
Then
Yy + 3y, — 10y, = —6Ce".

Hence,
—6Ce” = 6e”.

Thus, C = —1, y, = —e” and therefore the solution of our equation is

y = Ae % 4+ Be?* — e”.

3.y + 3y — 10y = 6e*.

This is a second order differential equation with constant coefficients. The corre-
sponding homogeneous equation is

y" + 3y — 10y = 0.
The general solution of the homogeneous quation is

yn = Ae %" + Be?®.

We look for a particular solution of the original equation, of the form y, = Ce®.
Then
Yy + 3y, — 10y, = (16C + 12C — 10C)e” = 18Ce™*.
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Hence,
18Ce*™ = 6e*”.

Thus, C = %, Yp = e** and therefore the solution of our equation is

1
3
—5x 2z 1 4x
y = Ae °* + Be** + 3¢ -
4. y" 4+ y = 2cos(x).
The solution of the homogeneous equation
y'+y=0

is ‘ '
yp = Ae'® + Be '*.

Since
cos” (x) + cos(x) = 0,

we look for the particular solution of the form

yp = z(acos(x) + bsin(x)).

Then
y, = acos(x) + bsin(x) 4+ x(—asin(z) + beos(x)),
y, = 2(—asin(z) + beos(z)) + x(—acos(z) — bsin(x)),
Yy, + Yp = 2(—asin(x) 4 beos(x)).
Thus

2(—asin(x) 4 beos(x)) = 2cos(x).

Hence, a = 0 and b = 1. Therefore y, = xsin(x). The general solution of the
original equation is . ‘
y = Ae'® + Be " + zsin(x).

5. 9"+ 2y +y = e "in(x).

We use the method of variation of prameters. The two independent solutions of
the homogeneous equation
y'+2) +y=0

are

y1 =€ *, yo =xe ",

Hence the system of two linear equations for v{ and v} is
vy e ¥ +uvpxe " =0

—v] e +uh(e™ —xe™?) = e "in(x).



This system has solutions

vy = —zin(x), vy =In(z).
Hence,
L o L 5
v = -5 In(z) + 1% 2= xln(zx) — x.

Therefore the general solution we are looking for is

1 1
y=Ae "+ Bre * + (—5332[71(35) + 11‘2)6_33 + (zln(z) — x)xe™™

6. vy’ — 2y — 3y = 64xe 7.
The solution of the homogeneous equation is
yp = Ae™ + Be3®,

We look for the particular solution of the form y, = z(azx + b)e™*. Then

yy, = (—az® + (2a — b)z + b)e *
yy = (ax® — (4a — b)x + 2a — 2b)e ™",

so that
Yy, — 2y, — 3yp = (—8ax + 2a — 4b)e™".

Thus
64 = —8a, 0=a — 2b.

Hence, a = —8 and b = —4. Thus y, = (—8x — 4)e™*. Therefore the general
solution of the original equation is

y = Ae™® 4 Be3® — (82 4 4a)e".

7. y" — 4y + 4y = 0.

This is a homogeneous second order equation with constant coefficients. The char-
acteristic equation is
p? —4p+4=0.

Hence p = 2 and the solution is

Y= Ae?® + Bre?®.

8. xy"” +y = 4x.



We use the substitution z = v/, 2/ = 3" and divide both sides by x. Then
24 lz=4.

This is a first order linear equation with a(z) = z~1. Since,

€f a(z)dz —
our equation transforms to
(x2) = 4a.
Therefore
rz =2z + A
Thus

y' =92z + Az~ L.

We integrate and get the general solution

y=2°+ Aln(x) + B.

We reduce the order via the substitution z = ¥/, zg—z = y”. This leads to the
following separable equation

We separate the variables, integrate and solve for z:
z

22 +1

In(z>+1)=2y+ A

2= (ede® — 1)1/2,

dz = dy

Hence,
/(eAezy —1)"2qy = /dx =x+C.

We compute the integral

/(eAezy — 1)_1/2dy = /e_A/ze_y(l — e_Ae_Qy)_l/zdy

A/

using the substitution u = e=4/2¢~¥. Then the last integral is

- [y



Let u = cos(f). Then the last integral is

/d@ =0 = cos ' (u).

Hence,
cos t(u)=z+C

u = cos(x + C)
e 427 = cos(x + O)

y = —In(cos(x + C)) + D.

10. zy’ =y + 2ze~ /",
Since this is a homogeneous equation,
y = yfo+ 207",
we use the substitution z = y/x and obtain the following equation for z:
2z = 2e7 7,
This is a separable equation with the solution

z =In(2in(x) + A).

Hence,
y=2xln2in(z)+ A).

11. (23 + y3)dz — zy*dy = 0.
Since this is a homogeneous equation,

,_ 2t +yt 14 (y/2)?
zy? (y/z)*> ~

we use the substitution z = y/x and obtain the following equation for z:

Hence,
Y = 3x3(ln(x) + A).



12. (y + ycos(zy))dx + (x + xcos(zy))dy = 0.

This is an exact equation and we compute
£ = [0+ yoos(ay))dz =y + sin(zy) + o(y),

x4 xzcos(zy) = Oy f = x + zcos(xy) + ¢'(y).

Hence, ¢'(y) = 0 so that ¢ is a constant. Thus the solution is

xy + sin(zy) = C.

13. (sin(z)sin(y) — ze¥)dy = (¥ + cos(x)cos(y))dx.
This is an exact equation
(€Y + cos(x)cos(y))dx — (sin(z)sin(y) — ze¥)dy = 0,

and we compute
f= /(ey + cos(x)cos(y))dx = xe¥ + sin(x)cos(y) + o(y),

—(sin(z)sin(y) — xe?) = 0, f = —(sin(z)sin(y) — ze¥) + &' (y).

Hence, ¢'(y) = 0 so that ¢ is a constant. Thus the solution is

ze’ + sin(x)cos(y) = C.

14. v 4+ 22y = 0.
This is a separable equation with the solution

Yy = Ae™".

15. ¢ +y = 2ze™% + 22,
This is a first order linear equation with the solution

y= (22 +0)e " +2* -2z +2.



